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Abstract: An analytical study of the effect of control and internal heat generation on the onset of 

Surface-tension has driven convention so-called Marangoni-Benard convection in the horizontal layer 

of fluid with temperature gradient, is studied in the problem. The resulting eigenvalue problem is thus 

solved using the analytical method to derive an expression for the Marangoni number. It is found that 

the effect of control and internal Rayleigh number influence the onset of convection. It is also 

demonstrated here that the onset of Surface-tension driven convection with the uniform internal heat 

source can be suppressed through control. Tabulation of critical Marangoni numbers is obtained for 

different parametric influences. 
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1. Introduction 

The Effect of Buoyancy-driven convection or surface tension-driven convection can 

become a major mechanism for driving a possible convective instability for a horizontal fluid 

layer heated from below and cooled from above. The Buoyancy-driven convection, so-called 

Rayleigh-Benard convection, is extensively investigated in the literature. Many studies 

demonstrate that the onset of convection is delayed or controlled by making use of some 

external mechanism, such as a magnetic field (see Ramachandramurthy et al. [1], Aruna [2], 

and Chandrasekhar [3]). All these studies demonstrated the effect of a magnetic field in 

electrically conducting Newtonian liquids and came to know that the magnetic field has a 

strong stabilizing effect. The instability of convection-driven due to the surface tension is 

popularly known as the Marangoni convection. In contrast, the instability caused due to the 

combined effects of thermal Buoyancy and surface tension is called the famous Benard-

Marangoni convection. Pearson [4] was the first person to study the theoretical investigation 

of Marangoni-Benard convection by performing linear stability analysis by considering an 

infinite fluid layer of some finite depth, which is so small with no-slip boundary at the bottom 

and zero gravity. He obtained the critical Marangoni number value, 𝑀𝑐 = 79.607, and the 
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critical wave number, 𝑎𝑐 = 1.99 and showed that when the Marangoni number exceeds its 

critical value without buoyancy force, the thermocapillary forces can cause convection. In the 

above Marangoni-Benard instability analysis, the convective instability is induced by the 

temperature gradient, decreasing linearly with fluid layer height. The heat source is an 

important mechanism to enhance convection in a chemical reaction. The studies by Sparrow et 

al. [5] and Roberts [6] demonstrate that internal heat generation creates nonlinear temperature 

distribution across fluid layers due to thermal instability in a horizontal fluid layer of 

Newtonian liquids. The effect of a quadratic basic state temperature profile caused by internal 

heat generation was first addressed by Char and Chiang [7] for Benard-Marangoni convection. 

Later, Wilson [8] investigated the effect of the internal heat generation on the onset of 

Marangoni-Benard convection when the lower boundary is conducting and insulating to 

temperature perturbations. He found that the effect of increasing the internal heat generation is 

always destabilizing the system. 

However, similar mechanisms, such as variable heat source, magnetic field, etc., are 

applied to control the onset of convection, but literature feedback control is very scarce. This 

study illustrates a sincere attempt to suppress the onset of instability due to convection by 

applying the feedback control mechanism. The objective of the control mechanism is to 

suppress the onset of convection [9] while maintaining a conduction state in the fluid layer. 

Tang and Bau [10,11] and Howle [12] presented their work on the onset of Buoyancy driven 

convection and showed that the critical Rayleigh number for the onset of Rayleigh-Benard 

convection can be suppressed due to the control. Or et al. [13] analytically demonstrated that 

the use of control strategies to stabilize long-wavelength instabilities occurs in the Marangoni-

Benard convection problem. 

Furthermore, Bau [14] has shown independently how such control can delay the onset 

of Marangoni-Benard convection on a linear basis with no-slip boundary conditions at the 

bottom. Recently, Arifin et al. [15] have shown that control can delay the onset of Marangoni-

Benard convection with free-slip boundary conditions at the bottom. A good number of recent 

articles [16-33] contribute to the literature pertaining to the surface tension-driven Marangoni 

convection and heat transfer. Therefore, this paper uses a linear controller to delay the onset of 

Marangoni-Benard convection in a fluid layer with uniform internal heat generation. Here we 

first transformed a set of coupled partial differential equations into a system of ordinary 

nonlinear equations using the normal mode analysis technique. Here, we first derived the 

analytical expressions for the thermal Marangoni number. Next, we demonstrate how one can 

control the no-motion state, the conduction to convection state, in the Marangoni-Benard 

convection problem. Here we utilized uniform internal heat generation as the main mechanism 

to suppress the onset of convection for a particular choice of parameter values. 

2. Materials and Methods 

2.1. Formulation of the problem. 

Consider an infinitely extended horizontal Newtonian fluid layer of depth 𝑑 with the 

lower boundary being rigid isothermal and the upper boundary being free. The lower and the 

upper boundary are maintained at different temperatures 𝑇1 and 𝑇0,  where 𝑇1 > 𝑇0 as shown 

in the adjacent figure. Let us assume that the density and dynamic viscosity are temperature-

dependent. A uniform heat source is considered, and it is not temperature dependent. The upper 
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layer of the fluid is exposed to a positive gas having constant pressure 𝑃0and the constant 

temperature 𝑇0 as shown in figure 1. 

 
Figure 1. Schematic of Flow Configuration 

 

A Cartesian frame of reference is considered so that 𝑥-axis is the bottom of the fluid 

layer, and 𝑧-axis is vertically directed toward the free surface. We now assume the Surface-

tension 𝜏 is a linear function of temperature gradient 𝑇 − 𝑇0 according to the following relation.  

𝜏 = 𝜏0 − 𝛾(𝑇 − 𝑇0) ,                                                                       (2.1) 

where 𝜏0 is the reference value of Surface-tension at the temperature 𝑇 = 𝑇0 and 𝜐 be the 

kinematic viscosity of the Newtonian fluid, which is positive for most of the fluid. The density 

of the fluid is a linear dependence of temperature as defined by the following relation. 

𝜌 = 𝜌0(1 − 𝛼(𝑇 − 𝑇0)),                                                                   (2.2) 

where 𝛼 be the coefficient of thermal expansion of the fluid and 𝜌0 is the reference density 

when the temperature 𝑇 = 𝑇0. 

The fluid considered in this problem is incompressible Newtonian; the Basic governing 

equations of the flow are given by 

∇. �⃗� = 0,                                                                        (2.3) 

𝜌 (
𝜕�⃗⃗� 

𝜕𝑡
+ (�⃗� . ∇) u⃗⃗⃗  ) = −∇p + υ ∇u⃗  ,                                                  (2.4) 

𝜕𝑇

𝜕𝑡
+ (�⃗� . ∇)𝑇 = −𝜅(∇2𝑇) + 𝑞.                                                    (2.5) 

where �⃗� = 𝑢1�̂� + 𝑢2𝑗̂ + 𝑢3�̂� be the velocity vector, 𝑇 is the temperature of the fluid at some 

point in time, 𝑝 is the pressure, 𝜐 is the kinematic viscosity, 𝜅 is the thermal diffusivity, and 𝑞 

represents uniformly distributed volumetric heat source. When the temperature exceeds its 

critical value, the conduction state turns out to be convective; that is, the conductive state gets 

distracted, and convection sets in. When the temperature gradient is large enough, the motion 

of the fluid occurs. Consequently, the upper free surface gets disturbed and deformable with 

the position of the fluid at 𝑧 = 𝑑 + 𝑓(𝑥, 𝑦, 𝑡). At the upper free surface, we have the usual 

kinematic conditions and continuity conditions for the normal and tangential stress. In this 

situation, the temperature of the fluid at the top obeys Newton’s law of cooling so that the 

following equation holds 

𝑘
𝜕𝑇

𝜕�̂�
= ℎ(𝑇 − 𝑇∞). 
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where 𝑘and ℎ are thermal conductivity and the heat transfer coefficient between the free 

surface and the air. The �̂� represents the unit outward normal to the surface. Also, we assume 

the boundary condition at the bottom, 𝑧 = 0 are no-slip and thermally conducting concerning 

the variation of temperature. 

In order to perform linear stability analysis, it is convenient to non-dimensionalize 

equations (2.3) to (2.5) and also the boundary conditions using the quantities length by 𝑑, 

velocity by 𝑘/𝑑, time by 𝑑2/𝑘 and temperature gradient by ∆𝑇. Furthermore, during the non-

dimensional process, the following eigenvalues are obtained: 

𝑀 =
𝜐∆𝑇

𝜌0𝐾𝜐
, the Marangoni number 

𝐵𝑡 =
ℎ𝑑

𝐾
,  the Biot number 

𝐵0 =
𝜌0𝑔𝑑2

𝜏0
, the Bond number 

𝑃𝑟 =
𝜐

𝐾
,  the Prandtl number 

𝐶𝑟𝑡 =
𝜌0𝜐𝐾

𝜏0𝑑
,  the Crispation number 

𝑄 =
𝑞𝑑2

2𝐾Δ𝑇
, the internal Rayleigh number. 

As discussed in Bau [2], the sensors and actuators are continuously distributed, and 

each sensor directs an actuator installed directly beneath at the same (𝑥, 𝑦) location. The 

sensors detect the deviation of the fluid state from the no-motion state to the motion state. 

Therefore, the acuter modifies the heated temperature as 

𝑇(𝑥, 𝑦, 0, 𝑡) =
1+𝐵𝑖

𝐵𝑖
− 𝐾(𝑇(𝑥, 𝑦, 1, 𝑡) −

1

𝐵𝑖
                                               (2.6) 

where 𝐾 is the control parameter. Further, the above equations can be systematically written 

as 

𝑇′(𝑥, 𝑦, 0, 𝑡) = −𝐾(𝑇′(𝑥, 𝑦, 1, 𝑡))                                                      (2.7) 

where 𝑇′ be the deviation of the temperature of the fluid from a no-motion state to a convective 

state. Having 𝐾, one could be able to control the onset of convection. 

2.1.1. Linearized problem. 

To study linear stability analysis, we need to perturb any physical quantity 𝜙(𝑥, 𝑦, 𝑧, 𝑡) 

so that 

𝜙(𝑥, 𝑦, 𝑧, 𝑡) = 𝜙0(𝑥, 𝑦, 𝑧) + 𝜙(𝑧)𝑒𝑖(𝛼𝑥+𝛼𝑦)+𝑠𝑡                                   (2.8) 

Where 𝜙0 is the reference value in the basic state, 𝑎 =
(𝛼𝑥

2+𝛼𝑦
2)

2
 is the horizontally averaged 

wave number,𝛿 the disturbance produced due to perturbation, and 𝑠 is the complex growth rate 

of instability with its real part representing its frequency. At the marginal state, the imaginary 

part represents the frequency of amplitude. 

It is now clear that the onset of instability in the growth rate 𝑠 of infinitesimal 

perturbation is zero, and the real part of 𝑠, 𝑅𝑒(𝑠) < 0 represents stable mode with 𝑅𝑒(𝑠) > 0 

represent unstable modes. 

Substitute the above equation into the linearized version of the equation [2.3] to [2.5], 

and using a standard generalized procedure, the following set of ordinary differential equation 

are obtained. 

𝑑4𝑤

𝑑𝑧4 − 2𝑎2 𝑑2𝑤

𝑑𝑧2 + 𝑎4𝑤 = 0 ,                                                        (2.9) 
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𝑑2𝑇

𝑑𝑧2 − 𝑎2𝑇 = −𝑤,                                                                    (2.10) 

𝑑2𝐶

𝑑𝑧2 − 𝑎2𝐶 = −𝑤 ,                                                               (2.11) 

Subject to the following boundary conditions, 

𝑤(1) = 0 ,                                                                         (2.12) 

(𝐶𝑟𝑡 + 𝐶𝑟𝑠) (
𝑑3𝑤(1)

𝑑𝑧3 − 3𝑎2 𝑑𝑤

𝑑𝑧
) = 𝑎2(𝑎2 + 𝐵0)𝑓,                              (2.13) 

𝑑𝑇(1)

𝑑𝑍
+ 𝐵𝑇𝑇(1) = 𝐵𝑟𝑓,                                                          (2.14) 

𝑑𝐶(1)

𝑑𝑍
+ 𝐵𝑠𝐶(1) = 𝐵𝑠𝑓,                                                       (2.15) 

𝑤(0) = 0  ,                                                                    (2.16) 
𝑑𝑤(0)

𝑑𝑧
= 0 ,                                                                   (2.1 7) 

𝑇(0) + 𝐾𝑡𝑇(1) = 0 ,                                                           (2.18) 

𝐶(0) + 𝐾𝑠𝐶(1) = 0 ,                                                           (2.19) 

𝑑2𝑤

𝑑𝑧2 − 𝑎2𝑤 + 𝑎2𝑀𝑡(𝑇(1) − 𝑓) + 𝑎2𝑀𝑠(𝐶(1) − 𝑓) = 0.                     (2.20) 

On the lower rigid boundary 𝑧 = 0, Here, the variable 𝑊 denotes the vertical velocity 

component, 𝑇 is the temperature variation w.r.t 𝑧-axis, and 𝑓 denotes the magnitude of the 

surface deflection of the linear perturbation to the basic quiescent state with the horizontally 

averaged wave number ‘𝑎’ in the 𝑥𝑦-plane and the complex growth rate. 

3. Results and Discussion 

It is now clear that the differential equation, along with boundary conditions equations 

(2.9) to (2.20), are all coupled, and the solution of the equations is obtained analytically by 

performing mathematical calculations. Thus we obtained the following expression for the 

Marangoni number(𝑀) as a function of different parameters’ involved in these equations. 

It is now clear that the analytical expression obtained for the Marangoni number is for 

the onset of Benard-Marangoni convection is a function of a wave number 𝑎, the effective 

crispation number 𝐶𝑒𝑓𝑓 = 𝐶𝑟𝑠 + 𝐶𝑟𝑡 , Control parameters 𝐾𝑠, 𝐾𝑡  and also the 𝐵0 𝑎𝑛𝑑 𝐵𝑇 . 

𝑀 =
8𝑎(𝑎2+𝐵0)(𝑆𝑖𝑛ℎ𝑎𝐶𝑜𝑠ℎ𝑎−𝑎)

𝑓1
−

𝑀𝑠𝑓2

𝑓1
,                                                 (3.1) 

where, 

𝑓1 =
(𝑎2 + 𝐵0)(𝑆𝑖𝑛ℎ3𝑎 − 𝑎3𝑐𝑜𝑠ℎ𝑎) + 8𝑎5𝐶𝑒𝑓𝑓(𝐶𝑜𝑠ℎ𝑎 + 𝐾𝑠)

𝑎𝑐𝑜𝑠ℎ𝑎 + 𝐵𝑇𝑠𝑖𝑛ℎ𝑎 + 𝑎𝐾𝑠
, 

𝑓2 =
(𝑎2 + 𝐵0)(𝑆𝑖𝑛ℎ3𝑎 − 𝑎3𝑐𝑜𝑠ℎ𝑎) + 8𝑎5𝐶𝑒𝑓𝑓(𝐶𝑜𝑠ℎ𝑎 + 𝐾𝑡)

𝑎𝑐𝑜𝑠ℎ𝑎 + 𝐵𝑇𝑠𝑖𝑛ℎ𝑎 + 𝑎𝐾𝑡
. 

Where 𝐶𝑒𝑓𝑓 = 𝐶𝑟𝑠 + 𝐶𝑟𝑡 called effective Crispation number. As a trivial case, it is essential to 

cross-verify the analytical expression of 𝑀. It is clear that when we set constant 𝐾𝑡 = 0 = 𝐾𝑠, 

the expression of  𝑀 reduced to the expression in Wilson [8], and when we set 𝑄 also 0, the 

expression is reduced as Bau [14]. 
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Figure 2. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 50, 𝐶𝑒𝑓𝑓 = 0). 

 
Figure 3. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 0, 𝐶𝑒𝑓𝑓 = 0). 

 
Figure 4. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 50, 𝐶𝑒𝑓𝑓 = 0.001) 
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Figure 5. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 0, 𝐶𝑒𝑓𝑓 = 0). 

 
Figure 6. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 50, 𝐶𝑒𝑓𝑓 = 0). 

 
Figure 7. Numerically calculated Marangoni number versus the wave number (𝑀𝑠 = 0, 𝐶𝑒𝑓𝑓 = 0). 
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Figures 2 and 3 demonstrate the variation of the critical Marangoni number 𝑀against 

the wave number 𝑎under the influence of 𝐵0, 𝐵𝑇 ,  𝐵𝑠,  𝑀𝑠 ,  𝐶𝑒𝑓𝑓,  𝐾𝑠, and 𝐾𝑡.It is now clear that 

as the wave number increases, the Marangoni number decreases and attains its minimum value 

𝑀𝑐 , a critical Marangoni number. After attaining its minimum value, it starts increasing. It is 

now clear that the effect of increasing the values of 𝐾𝑓 is to increase the value of 𝑀𝑐  and its 

effect Is to stabilize the fluid and delays the onset of convection. It is also clear that when 𝐾𝑓 =

0, we can reproduce the result obtained by Boeck and These [3]. Also, it is evident from these 

plots the effect of increasing the value of 𝑀𝑠 is to decrease the value of the critical Marangoni 

number 𝑀𝑐  and its effect is to enhance heat transfer and advance the onset of convection. In 

the case of effective Crispation number 𝐶𝑒𝑓𝑓 = 0, that is, for a non-deformable free surface, 

the controller gain stabilizes the system. As 𝐶𝑒𝑓𝑓 increases its effect to decrease the value of 

𝑀𝑐 hence it advances the onset of convection when 𝐶𝑒𝑓𝑓 is large the long wavelength instability 

𝐶𝑒𝑓𝑓 is even closer to these plots. 

Figures 4 and 5 shows the variation of Marangoni number as a function of wave number 

when 𝐶𝑒𝑓𝑓 = 0.001, when 𝐵𝑖 = 𝐵𝑜 = 0 for the range value of  𝐾𝑡. The situation is significantly 

different for the case 𝐶𝑒𝑓𝑓 = 0 (figure2). At 𝑎 = 0, the Critical Marangoni number is zero, and 

there is only the conduction state of the system. It is evident from Figures 6 and 7 that the 

increase of 𝐾𝑠 does not affect the Marangoni number, and its effect is almost negligible even 

with the increase of the effective Crispation number. Table 1, Table 2, and Table 3 show the 

Tabulation of different values of critical Marangoni number and wave number for different 

parameters. 

Table 1. Tabulation of critical Marangoni number and wave number for different parameters. 

 𝑩𝟎,𝑩𝑡=0                 𝑲𝒔, 𝑲𝒕=0 

𝑪𝒆𝒇𝒇 = 𝟎 𝑪𝒆𝒇𝒇 = 𝟎.𝟎𝟎𝟏 𝑪𝒆𝒇𝒇 = 𝟎. 𝟎𝟎𝟐 

𝑴𝒔 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 

0 79.6067 1.9929 78.4757 1.94673 77.2778 1.8948 

25 54.6067 1.9929 53.4757 1.94673 52.2778 1.8948 

50 29.6067 1.9929 28.4757 1.94672 27.2778 1.8948 

 

Table 2. Tabulation of critical Marangoni number and wave number for different parameters. 

                                         𝑩𝟎,𝑩𝑡=0           𝑪𝒆𝒇𝒇 = 𝟎.𝟎𝟎𝟏         𝑲𝒔 = 𝟓 

𝑲𝒕 = 𝟎 𝑲𝒕 = 𝟓 𝑲𝒕 = 𝟐𝟎 𝑲𝒕 = 𝟒𝟎 

𝑴𝒔 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 

    0 144.084 3.0072 144.084 3.0072 144.084 3.0072 144.099 3.0072 

   25 105.064 2.7287 119.084 3.0072 131.301 3.0921 136.339 3.0786 

   50 60.7892 2.3619 94.0837 3.0072 118.014 3.1879 128.320 3.1622 

 

Table 3. Tabulation of critical Marangoni number and wave number for different parameters. 

                                         𝑩𝟎,𝑩𝑡=0          𝑪𝒆𝒇𝒇 = 𝟎. 𝟎𝟎𝟏         𝑲𝒕 = 𝟐𝟎 

𝑲𝒔 = 𝟎 𝑲𝒔 = 𝟐 𝑲𝒔 = 𝟒 𝑲𝒔 = 𝟓 

𝑴𝒔 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 𝑴𝒄 𝒂𝒄 

0 78.4572 1.94673 111.033 2.54174 134.191 2.8761 144.084 3.0072 

25 74.2881 2.01417 102.791 2.63025 122.781 2.9641 131.301 3.0921 

50 69.8871 2.10319 94.1486 2.73818 110.972 3.0656 118.142 3.1879 

4. Conclusions 

The effect of the control on the onset of Surface-tension driven convection in a 

horizontal Newtonian fluid in the presence of a uniform internal heat source is investigated. 

The analytical expression for the thermal Marangoni number is obtained as a function of the 
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parameter of the problem. It is shown that effect of the controller 𝐾𝑡 is to delay the onset of 

convection and stabilize the system in the case of a non-deforming surface. But 𝐾𝑠 Has 

negligible effect. However, the controller gain is not effective in the case of a deforming 

surface. We have shown that the effect of the Crispation number is to destabilize the system. 
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