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Abstract: This present analysis intends to critique the thermally stratified magnetohydrodynamics 

(MHD) Williamson hybrid nanofluid stream across a linearly elongated vertical cylinder in a porous 

medium. Also, an inclined magnetic field along the stretching vertical cylinder is applied. A numerical 

solution for momentum and energy equations is obtained using MATLAB's Bvp4c methodology. The 

impact of different non-dimensional factors on velocity and thermal profile is portrayed graphically. 

Also, the expression of shear and thermal transmit rate are computed and demonstrated through the 

tables. This study is also motivated by the intention to strengthen our understanding of the mechanisms 

behind heat transport enhancement in non-Newtonian fluids. The basic novelty is to analyze how the 

rate of thermal transport is influenced by the conversion of Cu-ethylene glycol Williamson nanofluid 

to Cu-MoS2/ethylene glycol Williamson hybrid nanofluid in the existence of a heat stratification. It has 

been found that the thermal curve is a reducing function of the thermal stratification factor. Meanwhile, 

there is notable heat stratification; the temperature turns negative, and it has been established that the 

Williamson hybrid nanofluid has a heat transmission rate higher than that of the Williamson nanofluid. 

The heat transmission speed increases by more than 13.3% for the Williamson hybrid nanofluid 

compared with the Williamson nanofluid. Also, the absolute value of the shear stress rate for the 

Williamson hybrid nanofluid is raised by up to 26.7% when contrasted with the Williamson nanofluid. 

This investigation has tremendous possibilities for optimizing heat transport in an assortment of 

industry-related uses, making it a vital addition to the fields of fluid mechanics and nanofluid 

technology research. Good agreement is noted throughout the outcomes and previously published work. 

Keywords: hybrid nanofluid; stretched vertical cylinder; Williamson fluid; thermal stratification; 

volume concentration. 

Nomenclature: (𝐶𝑝)
𝑓

= fluid specific heat capacity ( 𝐽 𝑘𝑔−1𝐾−1); (𝐶𝑝)
ℎ𝑛𝑓

=hybrid nanofluid specific 

heat capacity ( 𝐽 𝑘𝑔−1𝐾−1); (𝐶𝑝)
𝑠1

 =specific heat capacity of the 𝑀𝑜𝑆2 ( 𝐽 𝑘𝑔−1𝐾−1); 

(𝐶𝑝)
𝑠2

=specific heat capacity of the 𝐶𝑢 ( 𝐽 𝑘𝑔−1𝐾−1); 𝐺𝑟𝑥 =grashof number; 𝑘𝑓 = fluid's thermal 

conductivity (𝑊𝑚−1𝐾−1); 𝑘𝑏𝑓= nanofluid’s thermal conductivity (𝑊𝑚−1𝐾−1); 𝑘ℎ𝑛𝑓  =thermal 

conductivity of hybrid nanofluid (𝑊𝑚−1𝐾−1); 𝑘𝑠1, 𝑘𝑠2=solid nanoparticle’s thermal conductivity 

(𝑊𝑚−1𝐾−1); 𝑘𝑝=permeability of porous media (𝑚2); 𝑀=magnetic parameter; 𝑃=porosity parameter; 

𝑃𝑟=prandtl number; 𝑅𝑒𝑥=local reynolds number; 𝑇=temperature of the fluid (𝐾); 𝑇∞= fluid's 

surroundings temperature (𝐾); 𝑇𝑤=wall temperature (𝐾); 𝑤=the element of velocity in the r-

direction(𝑚𝑠−1); 𝑣=the element of velocity in the 𝑥 directions (𝑚𝑠−1); 𝐵0=magnetic field strength 

(𝑁𝑚−1𝐴−1); (𝛽𝑇)𝑓= fluid's thermal expansion(𝐾−1); (𝛽𝑇)𝑠1=thermal expansion of the 𝑀𝑜𝑆2 (𝐾−1); 
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(𝛽𝑇)𝑠2=thermal expansion cu (𝐾−1); 𝛾=the curvature parameter; 𝛿=thermal stratification parameter; 

𝜂=similarity variable; 𝜆=thermal buoyancy parameter; 𝜇𝑓=dynamic viscosity of the fluid (𝑚𝑃𝑎); 

𝜇ℎ𝑛𝑓=dynamic viscosity of hybrid nanofluid (𝑚𝑃𝑎); 𝜎ℎ𝑛𝑓=hybrid nanofluid’s electric conductivity 

(𝑂ℎ𝑚−1𝑚−1); 𝜌𝑓= fluid’s density (𝑘𝑔𝑚−3); 𝜌ℎ𝑛𝑓=hybrid nanofluid’s density (𝑘𝑔𝑚−3); 𝜌𝑠1=density 

of 𝑀𝑜𝑆2 (𝑘𝑔𝑚−3); 𝜌𝑠2=the density of 𝐶𝑢 (𝑘𝑔𝑚−3); 𝜙1, 𝜙2=the volume fraction of 𝑀𝑜𝑆2 and 𝐶𝑢; 

𝜓=stream function; 𝑊𝑒=weissenberg number. 

© 2025 by the authors. This article is an open-access article distributed under the terms and conditions of the Creative 

Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 

1. Introduction 

In thermal management, conventional fluids like water and oil are often utilized. Heat 

transmission efficiency is escalated by nanofluids, fluids that have been combined with 

nanoparticles to improve their thermal attributes. With better performance than traditional 

fluids, they are used in refrigeration systems, electronics, automobiles, and industrial processes. 

Additionally, relevant literature [1-7] contributed supplementary insights into significant 

research efforts within this domain. 

A new kind of fluid that can provide significant thermal transmission for various 

manufacturing sectors is required due to the advancement of nanotechnology. In light of this, 

a novel fluid called a hybrid nanofluid was developed. Numerous researchers have broadened 

their computational and experimental work as a result of the recent discovery of hybrid 

nanofluid. A hybrid nanofluid can be produced by dispersing various kinds of nanoparticles in 

one or more base fluids. Hybrid nanofluids exhibit superior thermal features when contrasted 

with traditional nanofluids and base fluids. Applications for these fluids include freezing, 

generator cooling, automobile field, electronic cooling process, air conditioning, exchangers of 

heat, therapeutic uses, and nuclear system freezing.  

The thermal transmission improvement in hydro-magnetic water-based Al2O3-Cu 

hybrid nanofluid flow through a stretched cylinder was denominated by Maskeen et al. [8]. 

They demonstrated that compared to conventional fluids or nanofluids based on single 

nanoparticles, hybrid nanofluids are more efficient at transmitting heat. Manjunatha et al. [9] 

explored the thermal transport escalation in the boundary layer movement of hybrid nanofluids 

due to varying viscosity and natural convection. Subsequently, Khashi'ie et al. [10] sought out 

the movement of a hybrid nanofluid at its stagnation point through a porous longitudinal 

cylinder exhibiting an influence on heat stratification. In contrast with Cu-Al2O3/water hybrid 

nanofluids, Al2O3-water nanofluid functioned at an inferior thermal transfer rate throughout 

their study within a contracting cylinder. 

Furthermore, the consequence of a hybrid nanofluid on the behavior of the boundary 

layer throughout a spinning cylinder was explored quantitatively by Elsaid et al. [11]. Also, in 

a permeable vertical cylinder with an inconsistent heat sink/source, Khan et al. [12] analyzed 

the mixed convective radiative flow generated by the hybrid nanofluid. They concluded that 

the radiation and curvature factors both boost the drag force. Mandal et al. [13] addressed the 

thermo-fluidic movement procedure in a novel M-shaped cavity packed with non-Darcian 

porous medium and hybrid nanofluid. Also, Biswas et al. [14] investigated the hybrid 

nanofluid-filled walled tilted permeable enclosure imposing a partially active magnetic field. 

Furthermore, Mandal et al. [15] explored the MHD Hybrid nanofluid combined convection in 

a novel W-shaped porous system.  

https://doi.org/10.33263/LIANBS142.081
https://nanobioletters.com/
https://creativecommons.org/licenses/by/4.0/


https://doi.org/10.33263/LIANBS142.081  

 https://nanobioletters.com/ 3 of 14 

 

The most challenging area of research over the past few years has been the investigation 

of fluid flow through stretched cylinders with their numerous characteristics. This occurrence 

profoundly affects technological and industry practices like polymer extruders., synthetic fiber 

manufacture, water distribution systems, copper wire manufacturing, and metal extrusion, 

among others. Crane [16] earliest penetrated the flow of the boundary layers triggered by a 

stretching cylinder. After that, the trajectory of a viscous fluid continuing through a stretched, 

hollow cylinder was investigated by Wang [17]. Takhar et al. [18] researched the mixed heat 

and mass transport via a vertically moving cylinder incorporating a free stream. Furthermore, 

Rashad et al. [19] investigated the mixed convection boundary-layer nanofluid flow past a 

horizontal circular cylinder embedded in a porous medium under convective boundary 

limitations. 

Recently, Waqas et al. researched the mechanism of heat conduction in a magnetized 

motion of hybrid nanofluids throughout a vertically extended cylinder [20]. They established 

that the elevated magnitude of the porosity term minimizes fluid stream while boosting the 

thermal curve. Also, Sreenivasa et al. [21] conducted a computational investigation to 

determine the process of heat transport incorporating the transmission of ferromagnetic hybrid 

nanofluids through an extending cylinder. 

Non-Newtonian fluids' flow and heat transmit features are significant to numerous and 

diverse biotechnology, pharmacology, and chemical engineering systems, among other 

disciplines. Therefore, despite its complexity, applied mathematicians and engineers 

concentrate on it. The study and utilization of non-Newtonian fluids, such as Williamson fluid, 

a component of the pseudo-plastic fluid family, are developing in several industrial and 

engineering applications, including blood circulation, aesthetic color-coated sheets, outer 

plates of polymers, etc. Williamson introduced the Williamson fluid during his groundbreaking 

study on the flow of pseudo-plastic materials in 1929. He spoke in depth about the pseudo-

plastic materials before putting out a model to describe their flow, which was later confirmed 

through experiments. This model is currently referred to as the Williamson fluid model. Using 

nanomaterials, Hamid et al. [22] researched the influence of heat radiation on Williamson fluid 

flow caused by an expanding or constricting cylinder. After that, Khan et al. [23] analyzed how 

heat and solute stratification interfere with the viscosity of Williamson nanofluid flow. They 

established that the velocity curve decreases for high values of varying viscosity and heat 

stratification factors, while the heat stratification factor indicates reverse behavior for the 

thermal curve. 

Furthermore, in evaluating sheet and cylinder on MHD convective flow, Hussain et al. 

[24] sought out the Williamson fluid featuring homogeneous-heterogeneous interactions. The 

findings demonstrate that liquid concentration and movement are more notable by cylinder 

than sheet. Bilal et al. explored Williamson nanofluid flow within a partially gliding and 

convective cylinder containing radiant heat and changing conductivity [25]. You et al. [26] 

investigated the series outcomes of three-dimensional MHD hybrid nanofluid flow and thermal 

transmission. 
Researchers have thoroughly investigated heat and solute stratification's role in 

transporting heat and mass. In flow fields, stratification can be a result of variations in liquid 

density, concentration, or temperature. The process of thermal stratification is applied to 

groundwater aquifers, lake thermo-hydraulics, seismic fluxes, and salinity. Bilal et al. [27] 

computationally examined the thermally stratified Williamson fluid stream across a cylindrical 

domain through the Keller box approach. The findings illustrate that the thermal transmission 
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rate exhibits notable improvement for climbing magnitudes Prandtl number for cylindrical 

geometry rather than plane geometry. Optimization of heat and solutal stratification in 

the simulation of Williamson fluid incorporating entropy creation and activation energy was 

explored by Khan et al. [28]. Moreover, intending to figure out the radiative ethylene glycol-

based bi-nanofluid flow on a curved surface underneath slip and heat stratified constraints, 

Ramzan et al. [29] performed a numerical simulation. They reported that stronger estimates of 

the stratification parameter are associated with a drop in temperature. A bio-convective hybrid 

nanofluid including triple stratification impacts was investigated for flow and thermal 

transmission by Khan et al. [30]. The impact of thermal stratification and radiation on a hybrid 

graphene oxide-Ag/H2O nanofluid was addressed by Masood et al. [31]. Manzoor et al. [32] 

centered on the heat stratification and uneven thermal radiation in the Darcy-Forchheimer 

propagation of hybrid nanofluid by a spinning disc. Their findings show that the porosity factor 

and Reynolds number have positive magnitudes for velocity. In Williamson nanofluid, the 

stratified thermos-solutal Marangoni bioconvective flow of gyrotactic microorganisms was 

explored by Kairi et al. [33]. Moreover, various explorations [34-38] delved into distinct flow 

phenomena noticed in hybrid nanofluids over various constraints, enriching the understanding 

of this multifaceted region. 

This investigation provides a relatively unexplored area of non-Newtonian fluid 

dynamics, concentrating on MoS2-Cu/Ethylene glycol Williamson hybrid nanofluid movement 

via a vertical stretched cylinder subjected to free convection and thermal stratification. The 

flow problem also integrates the implication of an angled magnetic field. Nobody has 

investigated the Williamson hybrid nanofluid's flow incorporating heat stratification's 

influence on a linearly stretched vertical cylinder. This provides a significant research gap in 

the study. So, the present investigation is motivated by this, and the study of this phenomenon 

has a vast scope in the area of fluid dynamics. The primary novelty is to investigate how the 

rate of heat transport is influenced by the conversion of Cu-ethylene glycol Williamson 

nanofluid to Cu-MoS2/ethylene glycol Williamson hybrid nanofluid in the existence of a heat 

stratification. This research is also inspired by the intention to strengthen our understanding of 

the mechanisms behind thermal transport augmentation in non-Newtonian fluids. In light of 

real-world applications requiring thermal transfer improvement, this study aims to expand 

understanding of the complex interactions between various components influencing fluid flow 

and heat transfer in non-Newtonian fluids. Practical applications of the research include the 

production of goods, thermal engineering, and energy generation—all domains where effective 

heat transportation is essential. Understanding how nanofluids' composition affects heating 

rates may help develop superior thermal transfer fluids and systems, which will increase the 

effectiveness and efficiency of thermal management practices in these industries. The 

governing set of nonlinear PDEs has been transfigured into a set of ODEs by employing an 

appropriate similarity transformation. To solve the nonlinear ODE system, Bvp4c [46] 

techniques are employed. Tabulated statistics are used to represent and compare numerous 

factors visually. 

2. Mathematical Formulation 

Consider a two-dimensional, steady Williamson hybrid nanofluid past through a 

stretched linear permeable vertical cylinder. The coordinate system used in this flow problem 

is cylindrical polar(𝑥, 𝑟), where 𝑥 and 𝑟 signify along the axial and radial direction, 

respectively. The magnetic field has strength 𝐵0 is exerted at an inclination, 𝜉 to the vertical 
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direction. The thermal buoyancy consequence is also adopted in the momentum equation. 

Incorporating the surface velocity, 𝑤𝑤 = 𝑎 (
𝑥

𝑙
), in tandem with its axis, the cylinder expands 

linearly, where 𝑎 and 𝑙 denote the velocity and characteristic length of the cylinder. 𝑇𝑤(𝑥) =

𝑇0 + 𝐸 (
𝑥

𝑙
) is considered to be wall temperature and 𝑇∞(𝑥) = 𝑇0 + 𝐹 (

𝑥

𝑙
) is the ambient 

temperature of the hybrid nanofluid, where 𝐸, 𝐹, and 𝑇0 denote positive constants (𝐸 > 𝐹 ) and 

starting temperature, respectively. 

Figure 1 indicates a schematic overview and coordinate system of the mathematical 

flow model. 

 
Figure 1. Pictorial demonstration of the flow model. 

With these flow restrictions, the equations of the flow for Williamson hybrid nanofluid 

take the form  [39-41]: 

Continuity equation: 
𝜕(𝑟𝑤)

𝜕𝑥
+

𝜕(𝑟𝑣)

𝜕𝑟
= 0                                                                           (1) 

Momentum equation: 

𝑤
𝜕𝑤

𝜕𝑥
+ 𝑣

𝜕𝑤

𝜕𝑟
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑤

𝜕𝑟
) −

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
(√2Γ

𝜕𝑤

𝜕𝑟

𝜕2𝑤

𝜕𝑟2 +
Γ

√2

1

𝑟
(

𝜕𝑤

𝜕𝑟
)

2

) +
(𝜌𝛽)ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝑔(𝑇 −

𝑇∞) −
𝜎ℎ𝑛𝑓

𝜌ℎ𝑛𝑓
𝐵0

2. 𝑆𝑖𝑛2𝜉. 𝑤 −
𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝑤

𝑘𝑝
                                                           (2) 

Energy equation: 

𝑤
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑟
=

𝑘ℎ𝑛𝑓

(𝜌𝑐𝑝)ℎ𝑛𝑓

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇

𝜕𝑟
)                                                   (3) 

The boundary constraints are: 

𝑤 = 𝑎
𝑥

𝑙 
   ,   𝑣 = 0  ,    𝑇 = 𝑇𝑤(𝑥)       𝑤ℎ𝑒𝑛 𝑟 = 𝑟0 

𝑤 = 0 ,      𝑇 → 𝑇∞(𝑥)                           𝑤ℎ𝑒𝑛 𝑟 → ∞                    (4) 

The following variables ought to be utilized to account for similarity transformations 

[46]:   [40]: 

𝜂 =
𝑟2−𝑟0

2

2𝑟0
√

𝑎

𝜐𝑓𝑙
  ,   𝜓 = √

𝑎𝜐𝑓

𝑙
𝑥𝑟0𝑓(𝜂), 𝜃 =

𝑇−𝑇∞(𝑥)

𝑇𝑤(𝑥)−𝑇0
                   (5) 

Where 𝑤 =
1

𝑟

𝜕𝜓

𝜕𝑟
  ,       𝑣 = −

1

𝑟

𝜕𝜓

𝜕𝑥
   

Considering the aforementioned transformation, the reformed dimensionless nonlinear 

equations are outlined below: 
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𝑓′2 − 𝑓. 𝑓′′ = (
𝜌𝑓

𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓

𝜇𝑓
) {2𝛾𝑓′′ +(1+2𝛾𝜂)𝑓′′′} + (

𝜌𝑓

𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓

𝜇𝑓
) {3. 𝑊𝑒. 𝛾(1 +

2𝛾𝜂)
1

2𝑓′′2 + 2𝑊𝑒(1 + 2𝛾𝜂)
3

2𝑓′′. 𝑓′′′} + (
𝜌𝑓

𝜌ℎ𝑛𝑓

 (𝜌𝛽)ℎ𝑛𝑓

(𝜌𝛽)𝑓
) 𝜆. 𝜃 − {𝑆𝑖𝑛2𝜉. (

𝜌𝑓

𝜌ℎ𝑛𝑓
 
𝜎ℎ𝑛𝑓

𝜎𝑓
) 𝑀 +

(
𝜌𝑓

𝜌ℎ𝑛𝑓

𝜇ℎ𝑛𝑓

𝜇𝑓
) 𝑃}𝑓′                                                                                              (6) 

𝑓′(𝜃 + 𝛿) − 𝑓𝜃′ = (
𝑘ℎ𝑛𝑓

𝑘𝑓

(𝜌𝑐𝑝)𝑓

(𝜌𝑐𝑝)ℎ𝑛𝑓
) (

1

𝑃𝑟
) {2𝛾𝜃′ + (2𝛾𝜂 + 1)𝜃′′}      (7) 

The converted boundary constraints are as follows: 

𝑓′(0) = 1,    𝑓(0) = 0  

𝜃(0) = 1 − 𝛿,     𝑓′(∞) → 0,    𝜃(∞) → 0                                          (8) 

Where 

𝑀 =
𝐵0

2𝑙𝜎𝑓

𝑎𝜌𝑓
 , 𝑃 =

𝑙

𝑎

𝜗𝑓

𝑘𝑝
  , 𝛾 = √

𝑙𝜗𝑓

𝑎𝑟0
2    , 𝜆 =

𝐺𝑟𝑥

𝑅𝑒𝑥
2       , 𝛿 =

𝐹

𝐸
 , 𝑃𝑟 =

𝜗𝑓(𝜌𝑐𝑝)𝑓

𝑘𝑓
, 

𝑊𝑒 =
Γ𝑎3/2𝑥

√2𝜈𝑙3/2                                                                                      

The density 𝜌ℎ𝑛𝑓, heat conductivity  𝑘ℎ𝑛𝑓, thermal expansion (𝜌𝛽)ℎ𝑛𝑓, dynamic 

viscosity 𝜇ℎ𝑛𝑓, thermal capacity (𝜌𝐶𝑝)ℎ𝑛𝑓 of hybrid nanofluid is indicated as follows[40-41] 

𝜌ℎ𝑛𝑓 = (1 − 𝜙2){(1 − ϕ1)𝜌𝑓 + 𝜙1𝜌𝑠1} + 𝜙2𝜌𝑠2                                 (9) 

𝑘ℎ𝑛𝑓 = 𝑘𝑏𝑓 {
𝑘𝑠2+2𝑘𝑏𝑓−2𝜙2(𝑘𝑏𝑓−𝑘𝑠2)

𝑘𝑠2+2𝑘𝑏𝑓+𝜙2(𝑘𝑏𝑓−𝑘𝑠2)
}                                                        (10) 

Where  𝑘𝑏𝑓 = 𝑘𝑓 {
𝑘𝑠1+2𝑘𝑓−2𝜙1(𝑘𝑓−𝑘𝑠1)

𝑘𝑠1+2𝑘𝑓+𝜙1(𝑘𝑓−𝑘𝑠1)
}, 

(𝜌𝛽)ℎ𝑛𝑓 = (1 − 𝜙2){(1 − 𝜙1)(𝜌𝛽)𝑓 + 𝜙1(𝜌𝛽)𝑠1} + 𝜙2(𝜌𝛽)𝑠2           (11) 

𝜇ℎ𝑛𝑓 =
𝜇𝑓

(1−𝜙1)2.5(1−𝜙2)2.5                                                                            (12) 

(𝜌𝐶𝑝)ℎ𝑛𝑓 = (1 − 𝜙2) {(1 − 𝜙1)(𝜌𝐶𝑝)
𝑓

+ 𝜙1(𝜌𝐶𝑝)
𝑠1

} + 𝜙2(𝜌𝐶𝑝)
𝑠2

     (13) 

Also, the friction drag and the heat transportation rate are determined by: 

𝐶𝑓𝑅𝑒𝑥
1

2⁄ =
1

(1−𝜙1)2.5(1−𝜙2)2.5 (𝑓′′(0) +
𝑊𝑒

2
 𝑓′′(0)2)                                  (14) 

𝑁𝑢𝑥𝑅𝑒𝑥
−1

2⁄ = −
𝑘ℎ𝑛𝑓

𝑘𝑓
𝜃′(0)                                                                       (15) 

3. Methodology 

To deal with this, the dimensionless higher-order ODEs (6)– (7) are regenerated into 

an intermediate first-order boundary value problem incorporation with the associated related 

boundary impediments (8). MATLAB's well-known bvp4c strategy is utilized in conjunction 

with a shooting technique to encompass the aforementioned non-dimensional ODEs 

numerically. The bvp4c decoder provides precise outcomes by solving boundary value 

problems more precisely, even for intricate and chaotic formulations. Because of its resilient 

mesh enhancement function, the computing load is decreased, and the effectiveness of 

computation is increased. Meanwhile, an initial projection that fulfills the spatial constraints of 

the bvp4c solver is needed to use it. Bvp4c is the best approach for assessing the computational 

outcome of such non-dimensional complex ODEs; its convergence threshold is set at 10-4. 
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4. Result and Discussion 

This manuscript investigates the thermally stratified MHD Williamson MoS2-

Cu/ethylene glycol Hybrid nanofluid flow through a stretching vertical cylinder. Molybdenum 

disulfide (MoS2) containing a 0.1 solid volume proportion is added onto the carrier fluid, 

ethylene glycol, then copper (Cu) nanoparticles featuring a 0.02 solid volume concentration to 

produce a hybrid nanofluid. This volume ratio remains fixed throughout the problem study. 

Ethylene glycol is utilized as a carrier fluid. Table 1 contains an outline of the fundamental 

fluid and the hybrid nanoparticle's thermo-physical features. The computational findings for 

the velocity and thermal distribution are evaluated utilizing the Bvp4c technique, which is a 

built-in feature of MATLAB. This study demonstrates a higher degree of accuracy of data than 

the previous ones. For comparison with previous research conducted by Ishak and Nazar [42], 

Elbashbeshy et al. [43], and Paul et al. [41], various outcomes for the rate of thermal 

transmission are listed in Table 2. It illustrates that the Bvp4c method is effective in obtaining 

numerical outcomes that are accurate and consistent with the findings of the other approaches. 

Table 1. Thermo-physical features of fundamental fluid and nano-particles [41-45]. 

Thermo-physical 

features 
𝝆 (Kg/m3)    𝑪𝒑 (J/Kg K) 𝒌 (W/ mK) 𝝈 (S/ m) 𝜷 (K-1) 

MoS2 5060 397.21 904.4 2.09 x 104 2.8424 x 10-5 

Cu 8933 385 400 59.6 x 106 1.67 x 10-5 

C6H2O6 1109 2400 0.258 5.5 × 10−6 5.7 × 10−1 

Table 2. The associated findings of – θ′(0) with 𝑀 = 𝑃 = 𝛾 = 𝛿 = 𝜆 = 𝑊𝑒 = 𝜙1 = 𝜙2 = 0, 𝜉 =
𝜋

2
 and 

various values of Prandtl number [41-43]. 

Pr 
Ishak and 

Nazar [42] 

Elbashbeshy et 

al. [43] 

Paul et 

al. [41] 

Current 

study 

1 1 1 1.0005 1 

10 3.7207 3.7207 3.72 3.7207 

Moreover, Table 3 also reported the systematic review of various experimental studies 

on the thermal transport phenomena of Cu and MoS2-induced nanofluids. The cross-reference 

within the table exhibits that the thermal flux is significantly higher in the prepared nanofluids, 

and therefore, in each study carried out, is indicated as spitted out evidence in comparison 

between the two. The extracted studies confirm the high enhancement of thermal conductivity 

of the nanoparticles and convective heat transfer phenomena of the prepared Cu and MoS2 

nanofluidic. Based on the reviews within Table 3, it was noted that the existing data generally 

agrees with the current review that the addition of nanoparticles enhances the thermophysical 

capacity of the base fluids. 

Table 3. Indication of greater heat transmission through some experimental investigation. 

References 
Nanoparticles 

involved 
Type of Investigation Outcomes 

Suresh et 

al. [47] 
Al2O3 and Cu Experimental 

A stable hybrid nanofluid of 0.1% volume fraction enhances 

the thermal transport through the heated circular tube. 

Zhang et 

al. [48] 
MoS2 Experimental 

The experimental findings indicate that the addition of 

nanoparticles in the palm oil-driven base fluid produced the 

best lubricating property. Moreover, a 6% mass fraction was 

identified to be the optimal addition concentration for MoS2 

nanoparticles. 

Mousavi et 

al. [49] 
ZnO, MoS2 Experimental 

The pumping power and friction faction was escalated by the 

incorporation of MoS2 nanoparticles. 
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Figure 2 portrays how the thermal stratification parameter impacted the thermal curve. 

Physically, the procedure of layering fluids at varying temperatures to create distinctive layers 

based on temperature gradients is referred to as thermal stratification. The thermal curve 

reduces as heat stratification climbs. Furthermore, the fluid encircling the cylinder can be 

colder than the ambient whenever there is adequate heat stratification, triggering the 

temperature to drop. Deka et al. [44] claim that a strong stratification causes fluid movement 

to reverse across an infinite vertical cylinder. Our study found the same result for Cu/MoS2-

C2H6O2 Williamson-hybrid-nanofluid flow. 

 
Figure 2. Demonstration of temperature against stratification parameter. 

Figure 3 depicts the relationship between the fluid velocity and the Weissenberg 

number (We). Physically, the Weissenberg number is a dimensionless number that indicates 

the relative significance of elastic impacts to viscous influences in a flowing viscoelastic fluid, 

and it is clear that as the Weissenberg number increases, the velocity curve shrinks because 

rising Weissenberg number values enhance viscosity, which in turn improves resistance to fluid 

flow and lowers fluid velocity. Almaneea [26] also found the same outcomes for glycerin-

driven Cu-Al2O3 MHD Williamson hybrid nanofluid. Figure 4 demonstrates how the thermal 

profile is impacted by the Weissenberg number. The Weissenberg number and temperature are 

directly connected. So, the thermal curve grows along with the Weissenberg number. 

 
Figure 3. Demonstration on velocity against Weissenberg number. 

Figures 5 and 6 show how the curvature term 𝛾 influences flow and the heat profile. It 

appears that fluid velocity escalates with increasing 𝛾. As the radius of curvature drops as 𝛾 

increases, the cylinder's circumference also reduces. As a consequence, fluid velocity 
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accelerates, and fluid particle impedance inside the cylinder is dwindled. Also, while the values 

of 𝛾 climb, the temperature curves rise. This result is similar to the investigation exhibited by 

Paul et al. [46] for using the Cu and Al2O3 nanoparticles. 

 
Figure 4. Demonstration on temperature against Weissenberg number 

 
Figure 5. Demonstration on velocity against curvature term. 

 
Figure 6. Demonstration on temperature against curvature term. 

Figures 7 and 8 demonstrate the implication of the volume proportion of MoS2 on both 

the velocity and thermal gradient curves while the volume fraction of Cu is fixed. It has been 
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reported that both the flow speed and the heat curve seem to be rising with an enhancement in 

the volume proportion of MoS2 nanoparticles. 

 
Figure 7. Illustration of volume fraction (𝜙1) of MoS2 on the velocity curve. 

 
Figure 8. Illustration of volume fraction (𝜙1) of MoS2 on thermal profile. 

In Table 4, the absolute shear rate and heat transmission rate are simulated numerically 

against distinct significant parameters like the Williamson factor, thermal stratification factor, 

and curvature factor when 𝜙1 = 0.1 and 𝜙2 = 0.02. An augmentation in the absolute value of 

the rate of friction drag and the rate of thermal transmission is noted with rising 𝛾. Also, with 

growing values of 𝑊𝑒, and 𝛿, the absolute value of the rate of shear stress is elevated. But a 

declination is noted in the rate of thermal transportation for rising 𝑊𝑒, and 𝛿. 

Table 4. Calculated skin-friction and Nusselt number values for varying magnitude of 𝑊𝑒, 𝛿, 𝛾 when 𝜙1 = 0.1 

and 𝜙2 = 0.02. 

We 𝛅 𝛄 Skin-friction coefficient Nusselt number 

0.05 0.01 0.1 6.4256 5.9024 

0.08   6.4575 5.8864 

0.1   6.4820 5.8751 

0.3   7.1353 5.7154 

0.05 0.03 0.1 6.4275 5.8633 
 0.08  6.4321 5.7656 
 0.2  6.4432 5.5303 
 0.4  6.4616 5.1365 
 0.6  6.4800 4.7403 

0.05 0.01 0.1 6.4256 5.9024 
  0.5 7.5878 6.6069 
  0.7 8.1343 6.9532 
  1.2 9.4397 7.7988      

Table 5 indicates that boosting the volume concentration of Cu nanoparticles whenever 

maintain 𝜙1 = 0 leads to improvements in the absolute rate of shear and the Nusselt number. 

Furthermore, it has been established that the thermal transmit rate goes up by more than 13.3% 

when the volume fraction of MoS2 is set to 0.1. The findings above demonstrate that the 
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Williamson hybrid nanofluid has a thermal transport rate that is undoubtedly greater than the 

Williamson nanofluid. Also, it has been shown that the absolute skin friction of the MoS2-

Cu/ethylene glycol Williamson hybrid nanofluid increased by more than 26.7%. 

Table 5. Comparison of the skin friction coefficient and Nusselt numbers for Cu/C6H2O6 Williamson-nanofluid 

and Cu-MoS2/C6H2O6 Williamson-hybrid- nanofluid 

Cu/ethylene glycol Cu- MoS2/ethylene glycol 

𝜙1(𝑀𝑜𝑆2) 𝜙2(𝐶𝑢) 
Skin 

friction 

Nusselt 

number 
𝜙1(𝑀𝑜𝑆2) 𝜙2(𝐶𝑢) 

Skin 

friction 

Nusselt 

number 

0 0.02 1.4362 3.0649 0.1 0.02 1.8760 3.4595 
 0.03 1.4909 3.1070  0.03 1.9363 3.5091 
 0.04 1.5462 3.1496  0.04 1.9987 3.5592 
 0.05 1.6023 3.1929  0.05 2.0618 3.6099 
 0.09 1.8359 3.3702  0.09 2.3270 3.8186 

5. Conclusion 

The magnetohydrodynamic flow of Williamson MoS2-Cu/ethylene glycol hybrid 

nanofluid over a linearly stretching vertical cylinder incorporating thermal stratification impact 

has been investigated computationally using the Bvp4c method. The inclined magnetic field is 

also taken into account in the flow mechanism. The pictorial demonstration of the effects of 

governing factors on the flow speed and temperature curves is also presented. The implications 

of those variables on the Nusselt term and the friction drag are also assessed.  

The core findings of this study include that the temperature goes negative for ethylene 

glycol-driven MoS2-Cu Williamson hybrid nanofluid when there is enough thermal 

stratification. Also, the Nusselt number is found to be lessened as the thermal stratification and 

Williamson parameters rise. It is also elevated as the curvature factor increases. Furthermore, 

the thermal curve goes up with the accelerated Weissenberg number and curvature parameter 

values. Also, a significant development in the velocity curve is noted with the boosting 𝛾, but 

the retracted pattern is detected for  𝑊𝑒. The thermal transfer speed increases by more than 

13.3% for MoS2-Cu/ Ethylene glycol Williamson hybrid nanofluid when compared with 

Cu/ethylene glycol Williamson nanofluid. Williamson hybrid nanofluid has a heat transmission 

rate that is higher than that of Williamson nanofluid. The absolute value of the shear stress rate 

for MoS2-Cu/ethylene glycol Williamson hybrid nanofluid is raised by up to 26.7% when 

contrasted with Cu/ethylene glycol Williamson nanofluid. 

Several combinations of nanofluid and variable features like non-Newtonian behavior 

and heat generation can also be used for further study. Looking at nonlinear stretching surfaces, 

different magnetic field directions, and complex flow geometries can help to enhance 

understanding. The turbulent flow features can also be acquainted with the current flow 

geometry and several other complex geometries. The crucial step is to confirm these 

computational results experimentally. In addition, further research on transitory phenomena 

and practical applications in industrial cooling systems would help deepen the knowledge 

regarding those factors and offer practical examples for acting upon these findings. Another 

direction could be investigating the environmental impacts and sustainability of nanofluids. 
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