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Abstract: In addition to graphite, diamond, and nanotubes, fullerenes are a fundamental allotrope of
carbon that has received significant attention in the fields of nanoscience, nanotechnology, condensed
matter physics and chemistry, biological physics, materials science and technology, mechanical and
electrical sciences, biomedical engineering, and most recently, medical nanotechnology and nano-
neuroscience. Molecular topological indices are essential tools to relate the theoretical and physical
properties of chemical substances. Investigation of the chemical and physical properties of fullerenes'
topological indices has been started in recent years. This study presents topological modelling of
fullerenes’ binding energies, the heat of formation, shape resonances, and Ramsauer-Townsend minima
using the VVan molecular topological index.
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1. Introduction

Over the past few decades, nanomaterials based on carbon have evolved quickly. These
include fullerenes, carbon nanotubes, graphene and its derivatives, graphene oxide,
nanodiamonds, and carbon-based quantum dots. Due to their distinct chemical and physical
characteristics, which offer significant potential in various applications, fullerenes have stood
out among them and have drawn increased scientific attention [1]. Since Kroto et al.’s first
discovery of fullerene (buckyball), many carbon-based and inorganic (non-carbon-based)
nanostructures have been assessed for their potential use in photovoltaics, corrosion control,
storage of energy, gas sensing, and drug sensitivity [2-11]. Chemical graph theory uses graphs
to mathematically represent chemical structures. In chemical graph theory and mathematical
chemistry, a chemical graph is a graph-theoretic representation of the structural formula of a
compound. Atoms are shown as vertices, and atomic bonds are shown as edges in the chemical
graph. A molecular structure descriptor that describes the topology of the compound is a
topological index, also known as a connectivity index [12,13]. Topological indices are essential
tools to relate the theoretical and physical properties of chemical substances. To detect the
guantitative structure analysis of chemicals, nanostructures, and pharmaceuticals, degree-based
topological indices (TIs) are helpful [14-20].
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Quantum molecular dynamics (QMD) has been used to examine the compressive
mechanical characteristics of fullerene molecules. It is possible to determine the fullerene
molecules’ compressive stiffness, endurance load, failure strain corresponding to the endurance
load, and energy- and force-strain curves [21]. The degree-based topological indices can be
used to display the physical characteristics of fullerenes [22-25]. The atom-bond connectivity
(ABC) and geometric-arithmetic (GA) indices of fullerene networks and carbon nanotube
networks were examined as two degree-based topological indices [22]. For all isomers of tiny
(5,6)-fullerenes, a collection of ZZ polynomials—also known as Zhang—Zhang polynomials or
Clar covering polynomials—was presented in ref. [23]. The results that have been presented
should be valuable as benchmark information for creating algorithms and computer programs
that analyze fullerenes’ topology and create resonance structures for calculations involving
valence bonds in quantum chemistry [23]. Based on molecular topological indices such as the
Szeged index (Sz), Mostar index (Mo), Pl-index (PI), Wiener and hyper Wiener (WW) indices,
which are computed from distance matrices, have been reported topological peripheral shape
and distance-based distance estimates of 82 fullerene cages [23]. Also, the novel idea of iso-
peripheral fullerene cages as a result of the new results for the Mo, Sz, and PI indices of these
cages, which show the presence of both isomeric and non-isomeric fullerene cages with the
same non-zero Mo indices, was introduced [24]. Well-known topological indices include the
Randic, first and second Zagreb indices, and sum-based atomic bond connectivity indices have
been calculated for the regression relations relating to the physical properties of fullerenes [25].

Among the significant physical characteristics of fullerenes are their binding energies
(BE), Ramsauer-Townsend minima (RT minima), shape resonances (SR), and heat of
formation (HoF). The BE is the quantity of energy required to separate a particle from a particle
system or to scatter every particle present. Atomic nuclei, electrons linked to atomic nuclei,
and atoms and ions bound together in crystals all serve as examples of the relevance of binding
energy. The RT effect results from low-energy electrons being scattered by noble gas atoms.
A potential ’barrier’s shape traps an electron in the SR, a metastable situation. When a
compound is produced from its component parts, each ingredient being in one mole, the amount
of heat absorbed or evolved is known as the heat of formation (HoF. In 2017, Felfli and
Msezane calculated these properties for fullerenes [26].

In this study, topological modeling of fullerenes’ binding energies (BE), the heat of
formation (HoF), shape resonances (SR), and Ramsauer-Townsend minima (RT) is presented
by using the VVan molecular topological index.

2. Materials and Methods

Let G be a chemical graph and v a vertex (atom) of G. The degree of vertex v, denoted
as deg(v), is the total number of edges which is incident to v. N (v) is the set of all neighboring
vertices of v. The sum degree of the vertex v, denoted as S, is the total number of all the
degrees of neighboring vertices of v. The multiplication degree of the vertex v, denoted as M,,,
is the sum of the total number of all the degrees of neighbouring vertices of v. The Van degree

of the vertex v is defined as [27].
Sv

van(v) = o @
Also, the reverse Van degree of the vertex v, defined as:
My
rvan(v) = < 2

v
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Van topological indices are defined as [27]:
The first Van index of a simple connected graph G is defined as:

Van'(G) = ZUEV(G) van(v)? 3)
The second Van index of a simple connected graph G is defined as:

Van®(G) = Yyver(s) van(uw)van(v) 4)
The third Van index of a simple connected graph G is defined as:
Van*(G) = Yuverelvan(w) + van(v)]  (5)

The first reverse Van index of a simple connected graph G is defined as:
Van'"(G) = Yyev(c) rvan(v)? (6)

The second reverse Van index of a simple connected graph G is defined as:
Van® (G) = Yyver ) rvan(u)rvan(v) (7)

The third reverse Van index of a simple connected graph G is defined as:
Van’® (G) = Yyperlrvan(u) + rvan(v)] (8)

Every atom (vertex) of fullerene has degree three (Figure 1).

Figure 1. Some fullerene graphs.

3. Results and Discussion

Let G be a chemical graph of an n-vertex fullerene C,, and v be a vertex of C,, (In Figure

1, some fullerenes are shown). Table 1 shows the sum degree of v, the multiplication degree of
v, and the Van degrees of v.

Table 1. Van degree values of any vertex v of fullerenes.

Notion Symbol Value
Sum degree Sy, 9
Multiplication degree M, 27
Van degree van(v) 1/3
Reverse Van degree rvan(v) 3
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With the help of Table 1, we calculate and show six Van topological indices values of
some fullerenes, following Tables 2-7.

Table 2. The first Van index Van'(C,,) values of some fullerenes.

Fullerene Value Fullerene Value
Csy 6 Cs, 9.111
Csg 6.444 Cgy 9.333
Coo 6.666 Cse 9.555
Cso 7.777 Cop 10
[ 8.222 [ 10.222
[ 8.444 Cis0 20
Cg 8.666 [ 26.666
Cso 8.888
Table 3. The second Van index Van?(C,,) values of some fullerenes.
Fullerene Value Fullerene Value
Csy 9 Cs, 13.666
Csg 9.666 Cgy 14
Ceo 10 Css 14.333
Co 11.666 Coo 15
Cyy 12.333 Co, 15.333
Cre 12.666 C1s0 30
Cqg 13 Ca40 40
Cso 13.333
Table 4. The third Van index Van3(C,,) values of some fullerenes.
Fullerene Value Fullerene Value
Csy 54 (' 82
Csg 58 Cgy 84
Ceo 60 Cge 86
[ 70 Cog 90
Cy 74 Co, 92
[ 76 C1s0 180
[ 78 Cpa0 240
Cso 80

Table 5. The first reverse Van index Van" (C,,) values of some fullerenes.

Fullerene Value Fullerene Value
Csy 486 Cs, 738
Csg 522 (' 756
Coo 540 Css 774
Co 630 (T 810
Coy 666 Cop 828
Cre 684 Cig0 1620
Crg 702 Ci40 2160
Cso 720

Table 6. The second reverse Van index Van?"(C,,) values of some fullerenes.

Fullerene Value Fullerene Value
Csy 729 Cs, 1107
Csp 783 [ 1134
Ceo 810 [ 1161
Cso 945 [ 1215
[ 999 Coz 1242
Cre 1026 Cig0 2430
Crg 1053 Ci40 3240
Cso 1080

Table 7. The third reverse Van index Van3"(C,) values of some fullerenes.

Fullerene Value Fullerene Value
Csy 486 Cgo 738
Csg 522 [ 756
Ceo 540 Cge 774
C70 630 Cg() 810
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Fullerene Value Fullerene Value
[ 666 Co, 828
[ 684 C1s0 1620
Cg 702 [ 2160
Cso 720

Surprisingly, the correlation efficiency between all six indices of fullerenes is one.
Therefore, we conducted our analyses only for the first Van index values of fullerenes.

Some statistical techniques look into the interdependence between topological indices
and the physical properties of molecules. The coefficient of correlation and regression analysis
are two examples. Correlation measures the strength of the linkage, whereas linear regression
employs an equation to express the linear relationship. The quantitative dependence of one
variable on another is explained through regression. The percentage of data the regression line
accurately represents is examined using the coefficient of determination.

The extent of a correlation is determined by the coefficient of correlation, which is
described as the association between two or more variables that change in a particular direction.
Since correlation describes how strongly two variables are associated, it is a symmetric
relationship.

When two quantities A and B are correlated, then A and B are also correlated. Note that
symmetrical relationships are not necessarily smooth. That is, variations in both variables occur
simultaneously.

Linear relationships between SR, HoF, RT minima, BE of fullerenes, and the first Van
index of fullerenes can be analyzed. We have collected these data from reference 26 for that
purpose. Table 8 shows these characteristics.

Table 8. Physical properties of different fullerene structures, including heat of formation (HoF), binding
energies (BE), the first and second shape resonances (SR), and the first and second Ramsauer-Townsend

minima (RT).

Fullerene | BE (eV) |RT-1(eV) |[RT-2 (eV) | SR-1 (eV) |SR-2 (eV) | HoF (kcal/mol)
Csy 3.14 0.94 2.92 0.08 1.28 642.0
Csg 2.49 0.71 2.30 0.054 0.94 648.1
Ceo 2.66 0.76 2.46 0.061 1.02 618.1
Cro 2.70 0.71 2.38 0.054 0.95 657.7
Cry 3.21 0.82 2.68 0.068 1.1 694.6
Cre 2.79 0.82 2.68 0.082 1.09 699.1
Crg 2.98 0.87 2.85 0.068 1.16 712.5
Cso 3.28 0.92 3.07 0.081 1.24 727.2
Csy 3.15 0.95 3.06 0.081 1.26 727.8
Cgy 2.94 0.72 2.47 0.054 0.97 768.1
Cgs 2.92 0.75 2.58 0.054 1.0 745.7
Coo 3.06 0.82 2.81 0.068 1.07 763.7

Regression analysis between individual physical properties, HoF, SR-1, SR-2, BE, RT-
1, and RT-2, according to the first Van index (data in Table 8), can be illustrated by the
following diagrams. A linear regression relationship can be derived from Figures 2-7 and Table
9. Most of the data points are fit by the heat of formation of the first Van index. The determined
value of the coefficient is 0.8944, showing that it fits the observed values. Therefore, the
regression line fits over 89% of the data. The first Van index and the heat of formation have a
high positive connection, as indicated by the correlation coefficient of 0.9444.
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Figure 2. Analysis of BE based on the first Van index using regression.
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Figure 3. Analysis of RT-1 based on the first VVan index using regression.
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Figure 4. Analysis of RT-2 based on the first VVan index using regression.
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Figure 5. Analysis of SR-1 based on the first Van index using regression.
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Figure 6. Analysis of SR-2 based on the first Van index using regression.
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Figure 7. Analysis of HoF based on the first Van index using regression.
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Table 9. Linear dependence relationships, Bes, HoF, RT-1, SR-1, RT-2, and SR-2 over fullerenes’ first Van

index values.

Property Regression relation Correlation (R) | Determination (R?)
BE BE = 0.08 x Van'(C,) + 2.28 R =0.4288 R? = 0.1839
RT1 RT1 = 0.0039 x Van'(C,) + 0.782 R = 0.058 R? = 0.0034
RT2 RT2 = 0.0627 X Van'(C,) + 2.169 R =0.3135 R? = 0.0983
SR1 SR1 = 0.0002 X Van'(C,) + 0.0649 R =0.0293 R? = 0.0009
SR2 SR2 = 0.0004 x Van'(C,) + 1.0859 R = 0.0052 R?2=0
HoF HoF = 36.2455 x Van'(C,) + 401.037 R = 0.9444 R? =0.8919

4. Conclusions

In this study, Van molecular topological indices that are associated with the physical
characteristics of fullerene are calculated. Fullerene balls Css, Csg, Ceo, C70, C74, C78, Cso, Ca2,
Caas, Cgs, and Cgo are taken into account. The chemical structures are mapped and displayed
graphically. The degree of each vertex of the chemical graph was found to be three. A
regression line is fitted to the data before linear regression analysis. The most accurate
representation of the data is a regression line, which uses the well-known least squares fit. For
the data, we estimated the correlation coefficient and the coefficient of determination.
According to the regression analysis of six Van indices dependent on each other, all the indices
for these structures are highly related to the first Van index. We considered the fullerene
”cages’ physical characteristics, such as RT-1, BEs, RT-2, SR-1, Hof, and SR-2. These
attributes are subjected to a linear regression analysis based on the first Van index. Physical
characteristics such as the second and first Ramsauer-Townsend minima, binding energies, and
the second and first shape had a strong correlation with the first Van index. However, the first
Van index, of which the coefficient of determination is high and an elevated correlation
coefficient, best captures the heat of structure creation. Therefore, we can conclude that the
first Van index, which has a substantial influence on it, is the best to forecast the heat of
formation of fullerene structures. Notably, this study focuses on predicting fullerene physical
features using the first Van index. It is discovered that the developed linear regression relation
may predict the heat of formation with the best degree of accuracy. Systematizing biochemical,
medicinal, and ecological knowledge pertinent to utilizing fullerenes may be accomplished
using these models. This systematization steadily acquires a major role as the number of
fullerene applications increases daily.

Author Contributions

All authors have read and agreed to the published version of the manuscript.
Institutional Review Board Statement

Not applicable.

Informed Consent Statement

Not applicable.

Data Availability Statement

Data supporting the findings of this study are available upon reasonable request from the
corresponding author.

https://nanobioletters.com/ 8 of 10


https://doi.org/10.33263/LIANBS143.118
https://nanobioletters.com/

https://doi.org/10.33263/LIANBS143.118

Funding

This research received no external funding.

Acknowledgments

The authors thank the anonymous referees for their careful readings and corrections.

Conflicts of Interest

The authors declare no conflict of interest.

References

1.

10.

11.

12.
13.
14.

15.

Paukov, M.; Kramberger, C.; Begichev, I.; Kharlamova, M.; Burdanova, M. Functionalized Fullerenes and
Their Applications in Electrochemistry, Solar Cells, and Nanoelectronics. Materials 2023, 16, 1276,
https://doi.org/10.3390/ma16031276.

Kroto, H.W.; Heath, J.R.; ’O’Brien, S.C.; Curl, R.F.; Smalley, R.E. C60: Buckminsterfullerene. Nature 1985,
318, 162-163, https://doi.org/10.1038/318162a0.

Rasheed, T.; Rizwan, K. Metal-organic frameworks based hybrid nanocomposites as state-of—the-art
analytical tools for electrochemical sensing applications. Biosens. Bioelectron. 2022, 199, 113867,
https://doi.org/10.1016/j.bi0s.2021.113867.

Huang, X.; Gong, Z.; Lv, Y. Advances in metal-organic frameworks-based gas sensors for hazardous
substances. TrAC Trends Analyt. Chem. 2022, 153, 116644, https://doi.org/10.1016/j.trac.2022.116644.
Rahmani, M.H.; Dehghani, A.; Bahlakeh, G.; Ramezanzadeh, B. Introducing GO-based 2D-platform
modified via phytic acid molecules decorated by zeolite imidazole ZIF-9 MOFs for desighing multi-
functional polymeric anticorrosive system; DFT-D computations and experimental studies. J. Mol. Liqg. 2022,
364, 119945, https://doi.org/10.1016/j.mollig.2022.119945.

Shakeel, A.; Rizwan, K.; Farooq, U.; Igbal, S.; Altaf, A.A. Advanced polymeric/inorganic nanohybrids: An
integrated  platform for gas sensing applications. Chemosphere 2022, 294, 133772,
https://doi.org/10.1016/j.chemosphere.2022.133772.

Louis, H.; Amodu, 1.0.; Unimuke, T.O.; Gber, T.E.; Isang, B.B.; Adeyinka, A.S. Modeling of Ca12012,
Mgi12012, and Ali2N12 nanostructured materials as sensors for phosgene (CI.CO). Mater. Today Commun.
2022, 32, 103946, https://doi.org/10.1016/j.mtcomm.2022.103946.

Wu, D.; Ding, W.; Kameta, N. Functionalized organic nanotubes with highly tunable crosslinking site density
for mechanical enhancement and pH-controlled drug release of nanocomposite hydrogels. Polym. J. 2022,
54, 67-78, https://doi.org/10.1038/s41428-021-00556-1.

Keshmiri, N.; Najmi, P.; Ramezanzadeh, M.; Ramezanzadeh, B.; Bahlakeh, G. Ultrastable Porous Covalent
Organic Framework Assembled Carbon Nanotube as a Novel Nanocontainer for Anti-Corrosion Coatings:
Experimental and Computational Studies. ACS Appl. Mater. Interfaces 2022, 14, 19958-19974,
https://doi.org/10.1021/acsami.1c24185.

Kamel, M.S.A.; Al-jumaili, A.; Oelgeméller, M.; Jacob, M.V. Inorganic nanoparticles to overcome efficiency
inhibitors of organic photovoltaics: An in-depth review. Renew. Sustain. Energy Rev. 2022, 166, 112661,
https://doi.org/10.1016/j.rser.2022.112661.

Abohamzeh, E.; Sheikholeslami, M.; Al Hajaj, Z.; Saghir, M.Z. Carbon nanotubes for solar cells and
photovoltaics. In Handbook of Carbon Nanotubes, Abraham, J.; Thomas, S.; Kalarikkal, N., Eds.; Springer,
Cham, 2022, 1419-1449, https://doi.org/10.1007/978-3-030-91346-5_30.

Zhou, B. ZAGREB INDICES. MATCH Commun. Math. Comput. Chem 2004, 52, 113-118.

Hayat, S.; Asmat, F. Sharp Bounds on the Generalized Multiplicative First Zagreb Index of Graphs with
Application to QSPR Modeling. Mathematics 2023, 11, 2245, https://doi.org/10.3390/math11102245.

Li, F.; Ye, Q.; Rada, J. Extremal values of VDB topological indices over F-benzenoids with equal number of
edges. Math. Biosci. Eng. 2023, 20, 5169-5193, https://doi.org/10.3934/mbe.2023240.

Ahmad Jamri, A.A.S.; Hasni, R.; Said Husain, S.K. On the Zagreb indices of graphs with given Roman
domination number. Commun. Comb. Optim. 2023, 8, 141-152,
https://dx.doi.org/10.22049/cc0.2021.27439.1263.

https://nanobioletters.com/ 90f 10


https://doi.org/10.33263/LIANBS143.118
https://nanobioletters.com/
https://doi.org/10.3390/ma16031276
https://doi.org/10.1038/318162a0
https://doi.org/10.1016/j.bios.2021.113867
https://doi.org/10.1016/j.trac.2022.116644
https://doi.org/10.1016/j.molliq.2022.119945
https://doi.org/10.1016/j.chemosphere.2022.133772
https://doi.org/10.1016/j.mtcomm.2022.103946
https://doi.org/10.1038/s41428-021-00556-1
https://doi.org/10.1021/acsami.1c24185
https://doi.org/10.1016/j.rser.2022.112661
https://doi.org/10.1007/978-3-030-91346-5_30
https://doi.org/10.3390/math11102245
https://doi.org/10.3934/mbe.2023240
https://dx.doi.org/10.22049/cco.2021.27439.1263

https://doi.org/10.33263/LIANBS143.118

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

Rosary, M.S. On Reverse Valency Based Topological Indices of Metal-Organic Framework. Polycycl.
Aromat. Compd. 2023, 43, 860-873, https://doi.org/10.1080/10406638.2021.2021255.

Al Khabyah, A. Mathematical aspects and topological properties of two chemical networks. AIMS Math.
2023, 8, 4666-4681, https://doi.org/10.3934/math.2023230.

Das, K.C.; Mondal, S. On neighborhood inverse sum indeg index of molecular graphs with chemical
significance. Inf. Sci. 2023, 623, 112-131, https://doi.org/10.1016/j.ins.2022.12.016.

Islam, S.R.; Pal, M. Second Zagreb index for fuzzy graphs and its application in mathematical chemistry.
Iran. J. Fuzzy Syst. 2023, 20, 119-136, http://doi.org/10.22111/1JFS.2023.7350.

Hui, W.; Siddiqui, M.K.; Akhter, S.; Hafeez, S.; Ali, Y. On Degree Based Topological Aspects of Some
Dendrimers. Polycycl. Aromat. Compd. 2023, 43, 3601-3612,
https://doi.org/10.1080/10406638.2022.2074478.

Shen, H. The compressive mechanical properties of C, (n= 20, 60, 80, 180) and endohedral M@ Cgso (M= Na,
Al, Fe) fullerene molecules. Mol. Phys. 2007, 105, 2405-2409, https://doi.org/10.1080/00268970701679467.
Baca, M.; Horvathov4, J.; Mokri$ova, M.; Suhanyiov4, A. On topological indices of fullerenes. Appl. Math.
Comput. 2015, 251, 154-161, https://doi.org/10.1016/j.amc.2014.11.069.

Witek, H.A.; Kang, J. S. ZZ Polynomials for Isomers of (5,6)-Fullerenes C, with n = 20-50. Symmetry 2020,
12, 1483, https://doi.org/10.3390/sym12091483.

Balasubramanian, K. Topological Peripheral Shapes and Distance-Based Characterization of Fullerenes Cao-
Crno: Existence of Isoperipheral Fullerenes. Polycyc. Aromat. Compd. 2022, 42, 1649-1667,
https://doi.org/10.1080/10406638.2020.1802303.

Sheikh, U.; Tahir, Q.u.A.; Anjam, Y.N.; Pincak, R. Analysis of a Productive Topological Index Correlated
to Fullerenes’ Physical Properties. Symmetry 2023, 15, 58, https://doi.org/10.3390/sym15010058.

Felfli, Z.; Msezane, A.Z. Simple method for determining binding energies of fullerene and complex atomic
negative ions. Proceedings of the 48™ Annual Meeting of the APS Division of Atomic, Molecular and Optical
Physics, Sacramento, California; June 5-9, 2017; 2017; Volume 2017, Q1-Q144.

Ediz, S.; Semiz, M. On Van Degrees of Vertices and Van Indices of Graphs. Math. Comput. Sci. 2017, 2, 35-
38, https://doi.org/10.11648/j.mcs.20170204.11.

Publisher’s Note & Disclaimer

The statements, opinions, and data presented in this publication are solely those of the individual author(s) and
contributor(s) and do not necessarily reflect the views of the publisher and/or the editor(s). The publisher and/or
the editor(s) disclaim any responsibility for the accuracy, completeness, or reliability of the content. Neither the
publisher nor the editor(s) assume any legal liability for any errors, omissions, or consequences arising from the
use of the information presented in this publication. Furthermore, the publisher and/or the editor(s) disclaim any
liability for any injury, damage, or loss to persons or property that may result from the use of any ideas, methods,
instructions, or products mentioned in the content. Readers are encouraged to independently verify any
information before relying on it, and the publisher assumes no responsibility for any consequences arising from
the use of materials contained in this publication.

https://nanobioletters.com/ 10 of 10


https://doi.org/10.33263/LIANBS143.118
https://nanobioletters.com/
https://doi.org/10.1080/10406638.2021.2021255
https://doi.org/10.3934/math.2023230
https://doi.org/10.1016/j.ins.2022.12.016
http://doi.org/10.22111/IJFS.2023.7350
https://doi.org/10.1080/10406638.2022.2074478
https://doi.org/10.1016/j.amc.2014.11.069
https://doi.org/10.3390/sym12091483
https://doi.org/10.1080/10406638.2020.1802303
https://doi.org/10.3390/sym15010058
https://doi.org/10.11648/j.mcs.20170204.11

