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Abstract: The aim of the current study is to analyze heat transfer in horizontal two concentric cylinders
in the influence of MHD, internal heat source/sink containing porous nanofluids, and thermal radiation
are considered. The impact of internal heat source/sink and porous media of H,O-Cu nanofluids on the
influence of the Lorentz effect is analyzed; its applications are cooling systems and heat exchangers.
Furthermore, a transformation of the momentum and energy equations was applied in this study to
obtain a set of ODEs for the basic governing equations in heat transfer flows. In addition, applying the
numerical technique of the BVP4C method to solve a system of non-linear, coupled equations with
boundary conditions. The influence of Hartmann number, volume fraction, radiation parameter, internal
heat source/sink parameter, Darcy number, and different nanoparticles is examined in velocity and
temperature profiles. The results reveal that thermal radiation significantly influences the temperature
distribution within the annulus, thereby affecting the heat transfer rate. Moreover, the presence of the
porous medium and internal heat source/sink modulates the flow patterns. This study provides
optimization of MHD nanofluid systems for engineering applications in thermal management,
hyperthermia treatment in cancer therapy, food processing, rotating machinery, and cooling systems.
The results are in good agreement with the existing work on velocity and temperature graphs.
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1. Introduction

Heat transfer is the process of transforming heat energy into mechanical energy to
improve the efficiency of heat transfer; it becomes a challenging issue in industrial and
engineering applications. To analyze the effective heat transfer, the presence of nanofluids
plays a role in cooling/heating effects. The fluid properties of nanofluids, such as thermal
conductivity, viscosity, and stability, are high, which play an important role in industrial
applications. Firstly, Choi and Eastman [1] investigated nanofluid behavior in heat transfer
analysis. Mixed convection is the convection of both natural and forced, investigated by Merkin
et al. [2]. Natural convection from a vertically flat heated plate in the presence of an external
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hydromagnetic field, with heat and mass transfer, is examined by Ali et al. [3]. Stability
analysis flow of magnetic field investigated numerically by Gurejala et al. [4].

A numerical analysis of free convection MHD over a moving vertical flat plate using
Lie group transformation was examined by Md. Uddin et al. [5]. Heat and mass transfer
analysis of free convection in the presence of MHD, radiation, and heat generation/absorption
over a stretching sheet, as explained by Ali et al. [6]. As a result, the boundary layer thickness
increases with an increase in viscosity. Finite element analysis and simulation of a steady case
over a cylinder in the impact of hydromagnetic forces are investigated by [7,8], resulting in
magnetic forces that oppose the fluid rate. Different nanoparticles are analyzed. Heat transfer
analysis of unsteady, non-Newtonian, MHD flow in a contracting cylinder and a numerical
method explained by Saranya and Al-Mdallal [9]. As a result, MHD advances fluid flow rate,
and CoFe204 nanofluid dominates the fluid flow system. The effect of non-linear electrified
jets in the electrospinning process is analyzed using the bead-spring model investigated by
Vahidi et al. [10]. The simulations of non-Newtonian rheology observed that elongation
dynamics reduce the stable jet length. Besthapu et al. [11] explained thermal radiation, MHD
of Casson nanofluid flow over a stretching surface of convective stagnation point, which gives
the Sherwood number, demonstrating the significant influence of Brownian motion, and solved
Keller’s box techniques.

MHD is an electrically conducting fluid in the presence of a magnetic field. MHD flow
and heat transfer by shrinking a permeable sheet of nanofluids are explained by Valipour and
Gouran et al. [12]. As a result, with an increasing volume fraction temperature profile of skin
friction, the Nusselt number increases. Saranya and Al-Mdallal [13] investigated the numerical
analysis of hybrid nanofluids of ferroparticles in a cylinder using the Legendre Collocation
method for unsteady viscous-ohmic dissipative effects. Heat transfer rate and skin friction
coefficient decrease with Eckert number. A comparative analysis of exact and numerical
techniques for the accuracy of the non-linear vibration of single-walled carbon nanotubes using
the nonlocal Timoshenko beam theory, as examined by Ghasemi and Ranjbar [14], shows that
the frequency of the single-walled carbon nanotubes’ amplitude increases. Ghasemi and Gouran
[15] examined the motion of vertically nano droplets in incompressible Newtonian fluids using
analytical and numerical techniques. As a result, the effect of sphericity on velocity and
acceleration is analysed. Natural convection of Cu-water-based nanofluids between two infinite
parallel plates is examined by Dehghani et al. [16], which gives thermal boundary layer
thickness decreases with increasing volume fraction.

A comparative analysis of analytical and numerical techniques by a rigid rod in a
circular surface, examined by Gouran et al. [17], shows that oscillation amplitude decreases
and velocity is maximum at 60°. Influence of nonlocal parameters, high velocity observed in a
theoretical analysis of single-walled carbon nanotubes is analysed by Vahidi et al. [18] using
the Pasternak-type model. A temperature-dependent heat transfer analysis of solid and porous
convective fins with different effects, such as thermal conductivity and heat generation, is
performed using a semi-analytical method [19, 20], resulting in higher efficiency. Talarposhti
et al. [21] investigated the analytical Exp-function method to solve the sine-Gordon and
Ostrovsky equations of the wave equation. The method is efficient and plots contour plots for
velocity profiles. Nanofluid flow in two concentric cylinders of different thermal
conductivities, MHD, thermal radiation effect, investigated by Sheikholeslami et al. [22]. The
results show that temperature enhances the Eckert number and Reynolds number. Sohail et al.
[23] investigated heat and mass transfer mathematical analysis of a non-linear stretching
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surface in gyrotactic microorganisms using Brownian and thermophoresis effects. The results
show that the magnetic parameter retard the fluid flow rate. Sohail and Naz [24] examined heat
and mass transfer in MHD over a stretching cylinder, solving it using exact and numerical
techniques. It gives the results of escalating values of the magnetic parameter in the velocity
profile.

An interesting work is reported by Ghasemi and Hatami [25], analysing solar radiation
and MHD with nanofluids over a stretching surface using the numerical differential quadrature
method, which yields a more accurate solution, and showing that the thermal boundary layer
thickness increases with the Biot number. The influence of the magnetic field of the nanofluid
in a hot cylinder is solved by a numerical method. As a result, the Lorentz force causes a fluid
flow system to be investigated by Sheikholeslami [26, 27], and forced convection Fe3Os-
Ethylene Glycol-based nanofluid heat transfer is analyzed. Theoretical analysis of two parallel
porous blocks between micropolar fluid is investigated by Valipour et al. [28], using analytical
and numerical methods, which gives good results, with a high magnitude of the microrotation
velocity. Gouran et al. [29] examined the theoretical analysis of MHD, solar radiation between
two concentric cylinders, which results in the Nusselt number enhancing the radiation, and the
Hartmann number. Heat transfer analysis of rotating horizontal annulus in the influence of
MHD, thermal radiation is examined by Peng et al. [30], and using a thermal conductivity
model, it is found that as a result, the Hartmann number decreases fluid flow rate. Investigation
of variable fluid properties of mixed convection MHD over a vertical heated plate with a porous
matrix by a numerical method; as a result, the magnetic field diminishes the fluid flow rate [32
- 40].

Based on the above literature survey, many authors have failed to analyse heat transfer
between two concentric rotating cylinders, taking into account internal heat generation, MHD,
thermal radiation, and a nano-porous medium. The impact of internal heat generation is seen
in industry and engineering applications, such as cooling of nuclear reactors, MHD generators,
thermal control systems, rotating heat exchangers, solar energy systems, chemical reactors,
hyperthermia treatment for cancer therapy, nanofluidic drug delivery, and thermal management
in medical devices. A comparative analysis of different thermal-conductivity models enhances
heat transfer to destroy targeted cancer cells. Microscale catheters or probes inserted into
tumours, where nanofluid flow with controlled heating by radiation and magnetic field leads
to cell death by elevating local tissue temperature.

2. Materials and Methods

2.1. Mathematical formulation.

Consider steady, laminar, incompressible, unidirectional fluid flow of a two concentric
cylinder Cu-H20 nanofluid, as shown in Figure 1. By assuming the induced magnetic field is
ignored, the Lorentz force is applied along the fluid flow. Impact of internal heat
generation/absorption, thermal radiation, over two concentric cylinders containing nano with
porous medium. The radial axis acts upwards, and fluid flow along the z-axis with T is the
temperature for ry, T2 is the temperature for r;, between two cylinders containing porous
nanofluids. In this current problem, the governing equations of Cu-H>O nanofluids and heat
transfer in a cylindrical coordinate system with boundary conditions [22, 30] are given by:
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H,0 - Cu Nanofluids

Figure 1. Physical configuration flow problem.
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The boundary conditions are imparted:
R=T2:U(R)=0,T=T2,R=T1:U(R)=0)T1,T=T1 (4)

Using the Taylor series expansion and Rosseland approximation, the heat flux rate of
radiation is given by:

4 — 473 4 40, 0T* 9q, _ 40.ATS 9°T
T :4T2T_3T2’qr__%5’ﬁ__Wﬁ (5)

The modified energy equation using equation (5) in equation (3) is given by:
Fng 0 (pOT U _UN? L 40eATS T o o py or
R OR (R aR) + Hny (aR R) + 3Br OR2 Q(T—T2) = (pCp nfUaR (6)
The non-dimensional analysis of the above governing equations [22, 30] is:
R, =Y

T T-T.
r=—u=—n=-=,0=—2 (7)
T2 wT 1Y) T]_—Tz

The non-dimensional parameters are Reynolds number, Prandtl number, Eckert
number, Thermal radiation, Hartmann number, Darcy number, Internal heat source/sink
parameter, and thermophysical properties.
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Apply the non-dimensional transformation equations (7) to the above equations (1-2)
and equations (4, 6) using equations (8) and Table 1 [31] to form non-dimensional equations:

0%u  10u Ha? Sg 1} au _

or?2 =~ ror {(1—772)5 r? u Da Re Sz ar =0 (9)
%0 146 au u):  anNd*@ 0Q S; 28
ﬁ-l___-{_E ¢ Pr 4{07' ;} +§§m—§9—PrRe§u;—0 (10)

Dimensionless boundary conditions imparted:

r=nu=160=1

r=1u=00=0 (11)
Table 1. Thermophysical properties of spherical-shaped nanofluids [31].
Properties Formulas
Heat capacitance (pCp)nf =(1- ¢)(Pcp)f + ¢(PCp)S
Thermal expansion coefficients (pBny = (1 = P)(pB)s + P (pB)s
an
- .- . an = ——
Thermal diffusivity f (pcp)nf
Density variation Py =(1— ¢>)Pf + ¢ps
Dynamic viscosity Uny = (1— ¢)2 5
2K — 2 —Kg) +
Thermal conductivity Knf = Kf( K = 290y = k) KS)
2k + ¢(rp — Ks) + Ks

The micro convection relation introduced by Patel et al.. [34], the effective TC for
nanofluid is:

Knf _ Ksds As
P 1+ Py + ck P, Py
A _ 4 ¢
A ds1-¢ (12)
p, =% 5 = 2kT = 25000
(Zf TL’ﬂde
We associate the effective dynamic viscosity as [34]:
ting = (14 39.11¢ + 533.9¢2) (13)

Non-dimensional Skin friction and Nusselt number are given by:

Nu = -5, (1 t 354) ?39

Cr =Sy (14)

r=n r=n
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2.2. Methodology.

The dimensionless flow problem is non-linear and coupled equations with boundary
conditions of equations (— 9 - 11) are solved numerically by the BVP4C method using
MATLAB software. By employing this method, to form the set of 1% order ODE’s such as
yi=1,y,=uy;=u,y, =0,y = 0. The algorithm and corresponding to the boundary
conditions are:

1

!
Y1 Y3
V3 Vs 4 Y2 Ha? Ss Y2 |, ReS;

_’yé = Y1 B41 (1-n2) g 2 Da + S, V2Y3 ( 15)

y‘{_ y4-

2
! 1 - EcPrS Q PrRe S
VL L ( ys 2(y3 _32) 7N 33’23/5>
(1+§) V1 Sa Y1 Sa Sa
4

V1 Ui
Y2 1
And related boundary conditionsare | y3 | =] v’ |.

o)\

To obtain a convergent solution, initial estimates for unknown parameters such as y; =
T, Y, =u,y3 =u,y, = 0,ys = O'are arbitrarily chosen. These estimates are refined
iteratively using the BVP4C method, which provides numerical approximations with high
accuracy. The iterative procedure also involves determining an appropriate maximum value of
n, ensuring that the asymptotic conditions R =7, : U(R) =wn,T=T; R=r,:U(R) =
0,T = T, are satisfied. A trial-and-error approach is used to refine the guesses for unknowns,
followed by an iterative correction process to meet the convergence criteria. The error tolerance
is set to 10 to ensure numerical stability and accuracy. For all computations, a step size of
An = 0.01 is used, balancing computational efficiency with solution accuracy.

Table 2. Numerical values of physical properties of Water and different nanoparticles.

Property Water Ag Cu CuO
plkgm™3) 997.1 10500 8933 6320
u(Pas) 0.00089 - - -

k(Wm K1) 0.613 429 401 76.5

B x1075(K™Y) 21 1.89 1.67 1.80

C,(Jkg™'K™) 4179 235 305 531.8
o(wm)~! 5.5x107° 6.3x1077 5.8x 1077 1x 107

3. Results and Discussion

The non-dimensional equations of (9 - 11) are solved numerically using the BVP4C
method with a set of first-order ODEs using MATLAB software, Table 2 [31], dimensionless
BC’s, and plotted the velocity and temperature graphs keeping parameters constant, such as
¢ =0.01, Pr=68, n=0.5 Re=1,Ec=001,R=0.1, Da=1, Q =1, Ha = 1.

3.1. Effect of volume fraction (¢).

From Figure 2, we observe that an increasing volume fraction velocity increases, which
is due to increasing density and viscosity, leading to a reduction in the resistance of the fluid
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flow system, and dispersion of nanoparticles in fluid causes a strong buoyancy force. It is useful
in a heat exchanger system. In Figure 3, we can analyze volume fraction behaviors in the
temperature profile. Temperature decreases as solid volume fraction increases. This is because
the addition of nanoparticles with higher thermal conductivity increases the nanofluid's overall
thermal conductivity, facilitating more efficient heat transfer to its surroundings, promoting
uniform heat dispersion, and reducing temperature. Its applications are in electronic cooling
systems and automotive cooling engine systems.
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Figure 2. Variation of ¢ on velocity.
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r

Figure 3. Variation of ¢ on temperature.
3.2. Effect of Hartman number (Ha).

Figures 4 and 5 visualize the effect of magnetic force on velocity and temperature plots.

— —Ha=0

Ha=1
= —Ha=3
= =—Ha=6
— —Ha=9

Figure 4. Variation of Ha with velocity.
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Figure 5. Variation of Ha with temperature.

An increase in the Hartmann number decreases the velocity and temperature, due to the Lorentz
force dominating the viscous force and the Lorentz force damping effect. The temperature profile
(Figure 5) in a concentric-cylinder system initially increases due to heat transfer from the heated inner
cylinder by conduction, and weak convection dominates. As the radial distance increases, the fluid
absorbs more heat until it reaches a maximum point. Beyond this peak, the temperature decreases
because the combined effects of magnetic damping (due to the Lorentz force), radiative heat loss, and
reduced fluid motion near the outer cylinder limit further heat transport. The intersection point of the
temperature curves for different Hartmann numbers (Ha) indicates a shift from magnetic effects that
enhance heat retention near the inner cylinder to those that suppress heat transport farther out. This
behaviour is significant in hyperthermia-based cancer therapy, where targeted heating near the tumour
(inner cylinder) and cooling near healthy tissues (outer cylinder) is desired. Even though the convective
heat transfer rate drops and the suppression of fluid flow leads to a reduction in the thickness of
the thermal boundary layer, it is useful in MHD pumps and MHD flow control.

3.3. Effect of internal heat source parameter (Q) and viscous dissipation (Ec).

Figure 6 shows temperature versus the internal heat source parameter. An increase in
the heat source parameter temperature occurs because adding thermal energy to the system
increases molecular motion, which in turn increases temperature gradients. This is seen in
applications such as circuit analysis in electronic devices. The effect of viscous dissipation on
temperature is analyzed in Figure 7. As the Eckert number increases, the temperature rises due
to the domination of kinetic energy in fluid flow, which converts to thermal energy. This may

lead to increased viscosity and the generation of internal heat, which is useful in hydrodynamic
bearings.

°
3
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S
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Figure 6. Variation of Q with temperature.
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Figure 7. Variation of Ec with temperature.

3.4. Effect of Darcy number (Da).

Variation of Darcy number is analyzed in Figures 8 and 9, where an increasing Darcy
number, velocity, and temperature are observed. In the velocity profile, understand that the
application of efficient filtration processes, due to the presence of a porous matrix that increases
permeability, allows large-pore fluid flow to occur easily, resulting in increased resistance and
pressure drops. Simultaneously, in the temperature graph, heat transfer increases due to the
higher flow rate and the reduced thermal resistance from the internal heat source, which is
useful for geothermal energy extraction.
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3.5. Effect of Reynolds number (Re).

Impact of Reynolds number on velocity and temperature profiles is visualized in
Figures 10 and 11 as the Reynolds number increases, both velocity and temperature increase.
In Figure 10, velocity increases due to the dominance of inertial forces, mixing effects of
transition flows, and the magnetic force. Temperature increases as the Reynolds number
increases because the fluid's kinetic energy is dissipated, it converts thermal energy into chaotic
motion, and its thermal conductivity increases. In the design of automobiles, a compressor is
used.

0.5 0.6 0.7 0.8 09 1
r

Figure 10. Variation of Re on velocity.

1

So - —Re=0.0
0.9 \\\\\\‘ Re=0.5
s — —Re=
et
< ~ - —Re=3.
N
08 RSN - ~Re=6.0 -
N

0.5 0.6 0.7 0.8 0.9 1
r

Figure 11. Variation of Re with temperature.
3.6. Effect of radiation parameter (N).

Influence of radiation on the temperature graph observed in Figure 12: as radiation
increases, temperature decreases. This is because the system radiates more thermal energy,
leading to a decrease in the overall system's internal energy, which is used in cooling systems.
Figure 13 shows the Nusselt number versus Hartmann number for different values of radiation
effects. As the Nusselt number increases, the wall temperature increases due to friction between
the fluid and the cylinder wall. Variation of velocity of different nanoparticles is observed in
Figure 14, as H20 -Ag has a higher velocity than H,O-Cu and H2O -CuO because the density
and viscosity are higher for Ag than Cu and CuO. From Figure 15, it is observed that the
temperature is higher for H>O -CuO than H>O -Ag and H2O -Cu due to the higher thermal
conductivity of CuO, Ag, and Cu. Table 3 [30] shows the validation of the velocity and
temperature graphs results when Q = 0,Da = 0.001 ¢ = 0.01,Pr =6.8,Ec =0.1,N =
0.2,Re =1,Ha = 1, are in good agreement with the existing work of Peng et al. [30].
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Figure 15. Variation of different nanoparticles with temperature.

3.7. Effect of aspect ratio (7).

The influence of aspect ratio n on the velocity and temperature in Figures 16 and 17,
distributions in MHD nanofluid flow within a concentric cylindrical system. As 7 increases,
indicating a narrower gap between the cylinders, the velocity profile shows a steeper gradient
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and a sharper drop near the outer boundary. This occurs because the reduced flow domain
constrains the fluid motion, leading to increased shear and reduced overall velocity. The
narrowing of the annular space alters the flow dynamics significantly, concentrating the
velocity closer to the inner wall. Similarly, the temperature profile decreases slightly with
increasing n. A higher aspect ratio results in a smaller fluid volume between the cylinders,
limiting convective heat transfer and reducing thermal energy distribution. This geometric
constraint leads to lower temperature values throughout the flow domain. These observations
are particularly relevant in biomedical applications such as cancer hyperthermia, where careful
tuning of the aspect ratio allows precise control of heat distribution and fluid behaviour to
maximize therapeutic efficiency while protecting surrounding healthy tissues. Figure 18
compares the temperature profiles for two thermal-conductivity models, the Patel and
Maxwell-Garnett models, as the radiation parameter increases in an MHD nanofluid flow
through a concentric cylinder. As N increases, the temperature distribution decreases across

the radial domain, indicating that stronger thermal radiation leads to enhanced heat loss from
the system.

0812 0813 0814

7=0.0
- -n=01
0.1~ ~—-n=02
- -n=03

0.5 0.6 0.7 0.8 0.9

r

Figure 16. Variation of | on velocity.
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Figure 18. Comparison of thermal conductivity models.
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3.8. Effect of Nusselt number (Nu) and skin friction (Cy).

Effects of Nusselt number (Nu) and Skin friction (Cs) are explained for different
parameters plotted in Figures 19, 20 (a and b). Figure 19 (a and b) represents the influence of
the Harmann number versus skin friction for varying Reynolds number, observed Re increases,
temperature, and velocity decreases at the wall. Viscous dissipation effect and internal heat
source parameter are drawn graphically in Figure 20 (a and b). It shows that an increasing Ec
value increases Nu, and an opposite trend is observed in Q values. Nu is decreasing, which
means the intensity is more.

22

20

(@)

Ha

Nu

0 2 4

Ha

(b)

Figure 20. Effect of Nusselt number and Hartmann number on (a) Ec; (b) Q.

Table 3. Validation of the work for velocity and temperature Re=1, Ha=1, Ec=0.1, N=0.2, Da=0.001, Q=0.

r Velocity Present study Temperature Present study
0.500000000 1.000000000 1.000000000 1.000000000 1.000000000
0.507264546 0.977304817 0.977304814 1.000108603 1.000108605
0.528635994 0.912982911 0.912982920 0.996313234 0.996313236
0.562872313 0.816808808 0.816808809 0.978284458 0.978284459
0.607983813 0.701138961 0.701138963 0.934310258 0.934310260
0.661348778 0.577709577 0.577709579 0.856439761 0.856439763
0.719865830 0.455903028 0.455903030 0.744091562 0.744091566
0.780134170 0.342414779 0.342414781 0.605066162 0.605066167
0.838651222 0.241687777 0.241687780 0.453613121 0.453613124
0.892016187 0.156563181 0.156563184 0.306434992 0.306434995
0.937127687 0.088853094 0.088853096 0.178594509 0.178594510
0.971364006 0.039734716 0.039734717 0.081084505 0.081084507
0.992735454 0.009896650 0.009896651 0.020495729 0.020495730
1.000000000 0.000000000 0.000000000 0.000000000 0.000000000
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4. Conclusions

This study considered fully developed mixed convection flow of nanofluids,
incompressible steady, laminar flow over two concentric cylinders, heat generation, and MHD
porous matrix in the presence of solar radiation. The effects of volume fraction, Hartmann
number, thermal radiation parameter, internal heat source parameter, Darcy effect, and
Reynolds number are analyzed. The main outcome of this work is that thermal radiation
reduces the temperature gradient within the annulus, leading to a uniform temperature
distribution across the flow. The impact of MHD effects on the nanofluid flow patterns
diminishes the fluid flow rate and stabilizes the magnetic field strength. Porous medium acts
as a resistance to the flow, influenced by thermal radiation and Lorentz force. The combined
effects of internal heat generation, thermal radiation, and MHD intensify the increased
temperature and thermal boundary layer. The study of MHD, thermal radiation, internal heat
sources, and porous nanofluids in an annulus is essential for applications in industries such as
energy, aerospace, materials processing, rotating machinery, and heat exchangers.
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Abbreviations

The following abbreviations are used in this manuscript:

Abbreviation Definition
Bo Magnetic Field Strength, T
Cp Specific Heat (k] /kg.K)
Da Darcy Effect
Ec Eckert Number
Ha Hartmann Number
N Radiation Parameter
Nu Nusselt Number
Pr Prandtl Number
Q Internal Heat Source/Sink Parameter
Or Radiative Heat Flux
R Radial Axis
Re Renolds Number
r Radius of the Inner Cylinder, (m)
ry Radius of the Outer Cylinder, (m)
T Dimensional temperature (K)
U Dimensional Velocity, (ms?)
u Dimensional Velocity, (ms?)

o) Constant Rotation Velocity, (rad/s)

o Thermal Diffusivity, (m?/s)
o) Solid Volume Fraction
U Dynamic Viscosity, (Pa.s)
p Density, (kg / m®)
n Aspect Ratio
0 Dimensionless Temperature (K)
v Kinematic Viscosity, (m?/s)
K Thermal Conductivity of Fluid. (W/m. K)
B Thermal Expansion Coefficients. (K1)
o Electrical Conductivity, (S/m)
0 Dimensionless Temperature
nf Nanofluid
f Base Fluid
S Solid Nanoparticles
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