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Abstract: Chemical graph theory is a discipline of graph theory deals with the study of chemical 

compounds using simple connected graphs. In computational chemistry, the properties of chemical 

compounds are determined using a numerical value called the topological index. Topological indices 

are widely applicable in QSAR and QSPR modeling. In this proposed work, we have used topological 

index like Neighborhood Dakshayani index on nanostructures called Carbon nanotube and Boron 

nitride nanotubes. Carbon nanotube has its various applications in air and water filtration, field 

emission, and biomedical applications. Boron nitride nanotubes are used in aerospace to automotive 

and defense to biomedical.  

Keywords: Nanostructures; Neighborhood Dakshayani indices; Carbon nanotubes; Boron nitride 

nanotubes. 

© 2020 by the authors. This article is an open-access article distributed under the terms and conditions of the Creative 

Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 

1. Introduction 

Graph theory is used in almost all fields of studies. Chemical graph theory deals with 

the discussion of chemical compounds using simple graphs. The graph G includes vertices and 

edges such that chemical compound atoms can be represented by vertices and the links between 

the atoms as edges. The total graphs number of edges in association with the vertices known 

as the degree of a vertex. The chemists use graph theory as a computing measure to determine 

the organization of chemical compounds since the valency of an atom is the degree of a vertex. 

The chemical graph theory offers the study of characteristics of chemical compounds. The 

topological indices are the numerical quantities used to determine the properties of chemical 

compounds. In the molecular graph, the vertices are denoted as atoms, and the edges are 

denoted by the links connecting the vertices. Chemical graph theory has its application in the 

development of chemical science and medical science. The mathematical chemistry offers 

several topological indices used in QSAR/QSPR study. For the discussion of topological 

indices, see [5, 6, 13, 14, 15, 17]. 

Nanosystem includes various organic and inorganic compounds that are responsible for 

their characteristics whose size varies from 1 to 100 nm. Examples of nanostructures include 

nano-torus, nanotubes, etc. So far, the work has been done on neighborhood degree-based 

indices in [8, 9, 10, 11, 16]. In this proposed work, we use a few defined degree-based 
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topological indices such as the first and second neighborhood Dakshayani indices, the first and 

second hyper neighborhood Dakshayani indices, and the minus and square neighborhood 

Dakshayani indices on nanostructures like carbon nanotube and boron nitride nanotube [4, 7]. 

Here we have considered finite, simple, and connected graphs. Consider a graph G with 

a set of vertices and edges V (G) and E(G), respectively. The degree of a vertex w is denoted 

by dG(w). The set of all vertices adjacent to w are called the open neighborhood of w and 

denoted by NG(w). The closed neighborhood of w is the set NG[w] = NG(w) ∪ {w}. The set 

NG[w] is the set of closed neighborhood vertices of w. Let DG(w) = dG(w) + ∑ 𝑑𝐺(𝑤) 𝑣∈𝑁𝐺(𝑤)  

be the degree sum of closed neighborhood vertices of w. 

Definition 1.1. The first and second neighborhood Dakshayani indices are stated as 

ND1(G) = ∑ [𝐷𝐺(𝑣) +  𝐷𝐺(𝑤)],𝑣𝑤∈𝐸(𝐺)  ND2(G) = ∑ [𝐷𝐺(𝑣) 𝐷𝐺(𝑤)] 𝑣𝑤∈𝐸(𝐺)  

Definition 1.2. The first and second hyper neighborhood Dakshayani indices are stated 

as 

HND1(G) =∑ [𝐷𝐺(𝑣) + 𝐷𝐺(𝑤)]2,𝑣𝑤∈𝐸(𝐺)  HND2(G) = ∑ [𝐷𝐺(𝑣)𝐷𝐺(𝑤)]2
𝑣𝑤∈𝐸(𝐺)  

Definition 1.3. The Minus and Square neighborhood Dakshayani indices of a graph 

G is stated as 

MND(G) =  ∑ ∣ [𝐷𝐺(𝑣) −  𝐷𝐺(𝑤) ∣],𝑣𝑤∈𝐸(𝐺)  QND(G) =∑ ∣ [𝐷𝐺(𝑣) − 𝐷𝐺(𝑤)]2 ∣𝑣𝑤∈𝐸(𝐺)  

Definition 1.4. The F1 neighborhood Dakshayani index of a graph G is stated as 

𝐹1𝑁𝐷(𝐺) = ∑ [𝐷𝐺(𝑣)2 +  𝐷𝐺(𝑤)2]  

𝑣𝑤∈𝐸(𝐺)

 

For the computation of topological indices on nanostructures, see [1, 2, 12]. In this 

paper, we carry forward the work done in [3] by using Neighborhood Dakshayani indices on 

carbon nanotube and Boron- nitride nanotube. 

2. Materials and Methods 

Our main results consist of degree-based neighborhood topological indices of carbon 

nanotubes and boron nitride nanotubes. To calculate the results, vertex partition, edge partition,  

analytical techniques, graph-theoretical tools, and a sum of degrees of neighbor methods are 

used.  

3. Results and Discussion 

3.1. Boron-nitride graph. 

In inorganic chemistry, the boron-nitride graph is a simple, connected, and planar 

graph. The symbolic representation of boron-nitride is BN. The BN horizontal and vertical 

rings of are p × p. 2p2 + 4p is the order of graph, O|G| and is as shown in Figure 2 and 3p2 + 4p 

− 1 is the size of the graph E|G|. The 2D BN graph is classified as Cubic BN and Hexagonal 

BN. In this proposed work, the hexagonal BN graph is considered. The BN consists of boron 

and nitrogen atoms, joined alternatively to form a hexagonal structure. The hexagons are 

formed such that an equal number of atoms of Boron (B) and nitrogen(N) are involved in the 

formation. 0.145 nm is the bond-length between the atoms. The angle between Boron-

Nitrogen-Boron or Nitrogen-Boron-Nitrogen is 120◦. The hexagonal BN structure consists of 

a single layer and is found in nanotubes. 

The edge classification based on the neighbor sum of the degrees of the end vertices of 

each edge of BN(G) is denoted in Table 1. 
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Figure 1. 3 × 3, hexagonal Boron nitride graph. 

 

 
Figure 2. p × p, hexagonal Boron nitride graph. 

 

Table 1. The edge partition of BN(G) For p ≥ 2. 

E(v,w) 

Where vw ∈ E(G) No. of Edges 

E(4,5) 4 

E(5,5) 2 

E(5,7) 8 

E(6,7) 8(p − 2) 

E(7,9) 4(p − 1) 

E(9,9) (p − 1)(3p − 5) 

Theorem 2.1. The first neighborhood Dakshayani index of hexagonal boron nitride nano-tube 

graph {BNT(G)} for p ≥ 2 is 54p2 + 24p − 34 

Proof. 

ND1(G) = ∑ [𝐷𝐺(𝑣) +  𝐷𝐺(𝑤)] 𝑣𝑤∈𝐸(𝐺)  

  = E(4,5) (4 + 5) + E(5,5) (5 + 5) + E(5,7) (5 + 7) + E(6,7) (6 + 7) + E(7,9) (7 + 9) 

+ E(9,9) (9 + 9) 

  = 4(9) + 2(10) + 8(12) + (8p − 16)(13) + (4p − 4)(16) + (3p2 − 8p + 5)(18) 

  = 54p2 + 24p – 34. 

Theorem 2.2. The second neighborhood Dakshayani index of hexagonal boron nitride 

nanotube graph {BNT(G)} for p ≥ 2 is 243p2 − 60p − 109 

Proof. 

ND2(G) = ∑ [𝐷𝐺(𝑣)𝐷𝐺(𝑤)]  𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 × 5) + E(5,5) (5 × 5) + E(5,7) (5 × 7) + E(6,7) (6 × 7) + E(7,9) (7 × 9) 

+ E(9,9) (9 × 9) 

= 243p2 − 60p – 109. 

Theorem 2.3. The first hyper neighborhood Dakshayani index of hexagonal boron nitride 

nanotube graph {BNT(G)} for p ≥ 2 is 972p2 − 216p − 500 

Proof. 

HND1(G) = ∑ [𝐷𝐺(𝑣) + 𝐷𝐺(𝑤)]2  𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 + 5)2  + E(5,5) (5 + 5)2+ E(5,7) (5 + 7)2 + E(6,7) (6 + 7)2 + E(7,9) (7 + 9)2 

+ E(9,9) (9 + 9)2 
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= 972p2 − 216p – 500. 

Theorem 2.4. The first hyper neighborhood Dakshayani index of hexagonal boron nitride 

nano-tube graph {BNT(G)} for p ≥ 2 is 19683p2 − 22500p + 4355 

Proof. 

HND2(G) =∑ [𝐷𝐺(𝑣)𝐷𝐺(𝑤)]2  𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 × 5)2 + E(5,5) (5 × 5)2 + E(5,7) (5 × 7)2 + E(6,7) (6 × 7)2 + E(7,9) (7 × 9)2 

+ E(9,9) (9 × 9)2 

= 19683p2 − 22500p + 4355. 

Theorem 2.5. The minus neighborhood Dakshayani index of hexagonal boron nitride 

nanotube graph {BNT(G)} for p ≥ 2 is 16p − 4 

Proof. 

MND(G) =  ∑ ∣ [𝐷𝐺(𝑣) −  𝐷𝐺(𝑤)] ∣    𝑣𝑤∈𝐸(𝐺)  

= E(4,5)|(4 − 5)| + E(5,5)|(5 − 5)| + E(5,7)|(5 − 7)| + E(6,7)|(6 − 7)| + E(7,9)|(7 − 9)| 

+ E(9,9)|(9 − 9)| 

= 16p – 4. 

Theorem 2.6. The square neighborhood Dakshayani index of hexagonal boron nitride 

nanotube graph {BNT(G)} for p ≥ 2 is 24p + 4 

Proof. 

QND(G) =∑ ∣ [𝐷𝐺(𝑣) − 𝐷𝐺(𝑤)]2 ∣ 𝑣𝑤∈𝐸(𝐺)  

= E(4,5)|(4 − 5)2 | + E(5,5)|(5 − 5)2 | + E(5,7)|(5 − 7)2 | + E(6,7)|(6 − 7)2 | + E(7,9)|(7 − 9)2 | 

+ E(9,9)|(9 − 9)2 | 

= 24p + 4. 

Theorem 2.7. The F1 neighborhood Dakshayani index of hexagonal boron nitride nano-tube 

graph {BNT(G)} for p ≥ 2 is 486p2 − 96p − 214 

Proof. 

F1 ND(G) =∑ [𝐷𝐺(𝑣)2 + DG(𝑤)2] 𝑣𝑤∈𝐸(𝐺)  

= E(4,5)(42 + 52) + E(5,5)(52 +52)  + E(5,7)(52 +72) + E(6,7)(62  + 72) + E(7,9)(72  + 92) 

+ E(9,9)(92 +92)  

= 486p2−96p−214. 

3.2. Carbon nanotube graph. 

The carbon nanotube (CNT) graph is a simple, connected, and planar graph, as depicted 

in figure 3 and figure 4. The CNT consists of two sets of rings viz. vertical and horizontal rings. 

The first one consists of p vertical rings, and the other one consists of p − 1 horizontal rings. It 

consists of 4p2 + 4p − 1 vertices, and 6p2 + 3p − 2 edges. The CNT’s have a diameter 

approximately equal to 1 nm. The structure of CNT affects the length and angle between the 

carbon atoms. In our work, we considered the p × p, (p=q) rectangular section of the CNT 

graph for all p ≥ 3. 

The edge classification based on the neighbor sum of the degrees of the end vertices of 

each edge of CNT(G) is denoted in Table 2. 
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Figure 3. Carbon nanotube graph. 

 
Figure 4. Carbon nanotube graph with p=3. 

Theorem 3.1. The first neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 108p2 – 14p − 40 

Proof. 

ND1(G) = ∑ [𝐷𝐺(𝑣) +  𝐷𝐺(𝑤)] 𝑣𝑤∈𝐸(𝐺)  

      = E(4,5) (4 + 5) + E(5,5) (5 + 5) + E(5,7) (5 + 7) + E(5,8) (5 + 8) + E(6,7) (6 + 7) 

+ E(7,9) (7 + 9) 

 + E(8,8) (8 + 8) + E(8,9) (8 + 9) + E(9,9) (9 + 9) 

= 4(9) + 2p(10) + 8(12) + (4p − 4)(13) + (4p − 10)(13) + (2p − 1)(16) + (2p − 2)(16) 

+ (4p − 4)(17) + (6p2 − 15p + 7)(18) 

= 108p2  – 14p – 40. 

Table 2. The edge partition of CNT(G) For p ≥ 3. 

E(v,w) 

Where vw ∈ E(G) No. of Edges 

E(4,5) 4 

E(5,5) 2p 

E(5,7) 8 

E(5,8) 4(p − 1) 

E(6,7) 2(2p − 5) 

E(7,9) (2p − 1) 

E(8,8) 2(p − 1) 

E(8,9) 4(p − 1) 

E(9,9) 6p2 − 15p + 7 

 

Theorem 3.2. The second neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 486p2 − 295p − 132 

Proof. 

ND2(G) = ∑ [𝐷𝐺(𝑣)𝐷𝐺(𝑤)] 𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 × 5) + E(5,5) (5 × 5) + E(5,7) (5 × 7) + E(5,8) (5 × 8) + E(6,7) (6 × 7) + 

E(7,9) (7 × 9) 
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 + E(8,8) (8 × 8) + E(8,9) (8 × 9) + E(9,9) (9 × 9) 

= 486p2 − 295p – 132. 

Theorem 3.3. The first hyper neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 1944p2 − 112p − 546 

Proof. 

HND1(G) =  ∑ [𝐷𝐺(𝑣) + 𝐷𝐺(𝑤)]2 𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 + 5)2 + E(5,5) (5 + 5)2 + E(5,7) (5 + 7)2 + E(5,8) (5 + 8)2 + E(6,7) (6 + 7)2 

+ E(7,9) (7 + 9)2 + E(8,8) (8 + 8)2 + E(8,9) (8 + 9)2 + E(9,9) (9 + 9)2 

= 1944p2 − 112p – 546. 

Theorem 3.4. The first hyper neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 39366p2 − 46843p + 390 

Proof. 

HND2(G) = ∑ [𝐷𝐺(𝑣)𝐷𝐺(𝑤)]2 𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (4 × 5)2 + E(5,5) (5 × 5)2 + E(5,7) (5 × 7)2 + E(5,8) (5 × 8)2 + E(6,7) (6 × 7)2 

   + E(7,9) (7 × 9)2 + E(8,8) (8 × 8)2 + E(8,9) (8 × 9)2 + E(9,9) (9 × 9)2 

 = 39366p2 − 46843p + 390. 

Theorem 3.5. The minus neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 12p + 10 

Proof. 

MND(G) =  ∑ ∣ [𝐷𝐺(𝑣) −  𝐷𝐺(𝑤)] ∣    𝑣𝑤∈𝐸(𝐺)  

= E(4,5)|(4 − 5)| + E(5,5)|(5 − 5)| + E(5,7)|(5 − 7)| + E(5,8)|(5 − 8)| + E(6,7)|(6 − 7)| 

 + E(7,9)|(7 − 9)| + E(8,8)|(8 − 8)| + E(8,9)|(8 − 9)| + E(9,9)|(9 − 9)| 

= 12p + 10 

Theorem 3.6. The square neighborhood Dakshayani index of Carbon nano-tube graph 

{CNT(G)} for p ≥ 3 is 16p + 24 

Proof. 

QND(G) =∑ ∣ [𝐷𝐺(𝑣) − 𝐷𝐺(𝑤)]2 ∣ 𝑣𝑤∈𝐸(𝐺)  

= E(4,5)|(4 − 5)2 | + E(5,5)|(5 − 5)2 | + E(5,7)|(5 − 7)2 | + E(5,8)|(5 − 8)2 | + E(6,7)|(6 − 7)2 | 

 + E(7,9)|(7 − 9)2 | + E(8,8)|(8 − 8)2 | + E(8,9)|(8 − 9)2 | + E(9,9)|(9 − 9)2 | 

= 16p + 24. 

Theorem 3.7. The first neighborhood Dakshayani index of Carbon nanotube graph 

{CNT(G)} for p ≥ 3 is 972p2 − 538p − 282 

Proof. 

F1 ND(G) =∑  [𝐷𝐺(𝑣)2 + DG(𝑤)2]    𝑣𝑤∈𝐸(𝐺)  

= E(4,5) (42 + 52) + E(5,5) (52 + 52)  + E(5,7) (52 + 72) + E(5,8) (52 + 82)  + E(6,7) (62 

+ 72)  

 + E(7,9) (72 + 92)  + E(8,8) (82 + 82)  + E(8,9) (82 + 92)  + E(9,9) (92 + 92)  

= 972p2−538p−282. 

4. Conclusions 

 In the proposed work, we have calculated the values of Neighborhood Dakshyani 

indices for nanostructures such as hexagonal boron nitride nanotubes and carbon nanotubes. 

The results obtained are used to analyze the properties of nanotubes. Using Neighborhood 

Dakshyani indices to determine the properties of nanostructures includes various applications 

in biomedical, aerospace, water filtration, etc. 
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