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Abstract: A molecular graph or a chemical graph is a graph related to the structure of a chemical 

compound. The topological indices play a vital role in understanding the physical, chemical, and 

topological properties of the respective compound. ln this article, we discuss the computation of the 

degree-based topological indices, namely - the fifth 𝑀 −Zagreb indices and their polynomials, fifth 

hyper 𝑀 −Zagreb indices and their polynomials, general fifth 𝑀 −Zagreb indices and their 

polynomials, third Zagreb index and it is polynomial for the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice, its subdivision, 

and para-line graphs. 
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1. Introduction 

The graphs considered in this article are simple, undirected, finite, and connected. The 

length of the shortest path between two vertices 𝑢, 𝑣 ∈ 𝑉(𝐺) in a graph 𝐺 is called the distance 

𝑑(𝑢, 𝑣) between them. The subdivision graph 𝑆(𝐺) of 𝐺 is the graph obtained by replacing 

every edge 𝑒 = 𝑢𝑣 in 𝐺 with a vertex, say 𝑤, and adding two edges of the form 𝑢𝑤 and 𝑤𝑣. 

The line graph 𝐿(𝐺) of 𝐺 is the graph obtained by replacing each edge in 𝐺 by a vertex and 

adding edges of the form 𝑒 = 𝑢𝑣 to it, such that the vertices 𝑢 and 𝑣 in 𝐿(𝐺) are adjacent if 

and only if the corresponding vertices are adjacent in 𝐺. Further, the para-line graph 𝐿(𝑆(𝐺)) 

is the line graph of the subdivision graph of 𝐺. The degree of a vertex 𝑣 ∈ 𝑉(𝐺) is the number 

of vertices adjacent with it in 𝐺, and the sum of degrees of all the neighbors of 𝑣 is called the 

degree sum of its neighbors, denoted 𝑆𝐺(𝑣).  

Topological indices are found to be very useful in the study of physical, chemical, and 

structural properties, such as boiling point, molecular weight, density, and toxicity of chemical 

graphs. Wiener index was one of the first such indices, introduced by H. Wiener [1], in the 

study of the structural properties of a compound. Hosoya index, Randic′ index, Zagreb index, 

and Szeged index [2-4] are some of the commonly known topological indices used for 

investigating the Quantitative Structure-Activity Relationship(QSAR) and Quantitative 

Structure-Property Relationships(QSPR) of chemical graphs and nanostructures. Over the 

years, many variations of these indices have been introduced and studied by various authors 

[5-13]. In particular, many authors have worked on constructing graph-theoretic polynomials 
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based on which some of these topological indices can be found [14-21]. For various 

applications of topological indices, we cite [22-26]. 

2. Materials and Methods 

 As discussed by M. Stefu et al. in [27], the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞],  nanostructure, with 

𝑝, 𝑞 ≥ 2, is obtained by taking the square𝐶4 as the unit polygon 𝑈 and performing its square 

stellation followed by dualisation. from alternating rhombi and octagons, and consists of 𝑝 

rhombi and their 𝑞 rows. The graphs of the 2𝐷-lattice, nanotube, and nanotorus of the 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞]𝑎 nanostructure is illustrated, taking 𝑝=6 and 𝑞 = 4, in Fig.1, 2, and 3. 

 
Figure 1. The 𝑇𝑈𝐶4𝐶8[6,4] lattice. 

 
Figure 2. The subdivision graph of 𝑇𝑈𝐶4𝐶8[6,4]lattice. 

 

Figure 3. The para-line graph of 𝑇𝑈𝐶4𝐶8[6,4] lattice. 

Table 1. Expressions for the topological indices/polynomials in terms of degree sums of neighbors. 
Topological Index Notation Expression 

General fifth Zagreb indices 

𝑀1
𝛼𝐺5(𝐺) ∑

𝑢𝑣∈𝐸(𝐺)

(𝑆𝐺(𝑢) + 𝑆𝐺(𝑣))𝛼 

𝑀2
𝛼𝐺5(𝐺) ∑

𝑢𝑣∈𝐸(𝐺)

(𝑆𝐺(𝑢)𝑆𝐺(𝑣))𝛼 

Fifth hyper 𝑀 −Zagreb indices 𝐻𝑀1𝐺5(𝐺) ∑

𝑢𝑣∈𝐸(𝐺)

(𝑆𝐺(𝑢) + 𝑆𝐺(𝑣))2 
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Topological Index Notation Expression 

𝐻𝑀2𝐺5(𝐺) ∑

𝑢𝑣∈𝐸(𝐺)

(𝑆𝐺(𝑢)𝑆𝐺(𝑣))2 

New version of the third Zagreb index 𝑀3𝐺5(𝐺) ∑

𝑢𝑣∈𝐸(𝐺)

|𝑆𝐺(𝑢) − 𝑆𝐺(𝑣)| 

Fifth 𝑀 −Zagreb polynomials 

𝑀1𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)+𝑆𝐺(𝑣)) 

𝑀2𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)𝑆𝐺(𝑣)) 

Fifth hyper 𝑀 −Zagreb polynomials 

𝐻𝑀1𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)+𝑆𝐺(𝑣))2
 

𝐻𝑀2𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)𝑆𝐺(𝑣))2
 

General fifth 𝑀 −Zagreb polynomials 

(𝛼 ≠ 0 is any real number) 

𝑀1
𝛼𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)+𝑆𝐺(𝑣))𝛼
 

𝑀2
𝛼𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(𝑆𝐺(𝑢)𝑆𝐺(𝑣))𝛼
 

𝑀3 − Zagreb polynomial 𝑀3𝐺5(𝐺, 𝑥) ∑

𝑢𝑣∈𝐸(𝐺)

𝑥|𝑆𝐺(𝑢)−𝑆𝐺(𝑣)| 

In the year 2011, Graovac et al. [5], while working on the computation of the 𝐺𝐴 index 

of nanostar dendrimers, introduced a new version of the Zagreb indices, called the fifth 

𝑀 −Zagreb indices as follows:  

𝑀1𝐺5(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) (𝑆𝐺(𝑢) + 𝑆𝐺(𝑣))and𝑀2𝐺5(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) (𝑆𝐺(𝑢)𝑆𝐺(𝑣)). 

Motivated by the above studies, V. R. Kulli [6], in the year 2017, gave a general form 

of the fifth 𝑀 −Zagreb indices and introduced some related polynomials as given in Table 1.  

Observation 2.1. The general fifth 𝑀 − Zagreb indices are obtained by differentiating the 

corresponding general fifth 𝑀 − Zagreb polynomials and then choosing 𝑥 = 1. Further, 

choosing 𝛼 = 1 and 𝛼 = 2 in the obtained expressions give the corresponding fifth 𝑀 −Zagreb 

indices and fifth hyper 𝑀 − Zagreb indices, respectively.  

In the literature, various authors have worked on these topological indices/polynomials 

and have computed the same for some families of graphs such as PAMAM dendrimers, 

nanostar dendrimers, carbon graphite, and Benzene rings. 

Moving in this direction, we construct the general fifth 𝑀 −Zagreb polynomials of the 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice and its subdivision & para-line graphs, using which, we compute some 

of their degree-based topological indices, namely - the fifth 𝑀 −Zagreb indices, fifth hyper 

𝑀 −Zagreb indices, and general fifth 𝑀 −Zagreb indices in this article. We also obtain their 

𝑀3 −Zagreb polynomial and compute the new version of their third Zagreb index. 

3. Results and Discussion 

3.1.  𝑀 −Zagreb polynomials of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. 

Observation 3.1.1. Let 𝐺 be the graph of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. Based on the degree sum 

w. r. t. the neighbors of the end vertices of each edge in 𝐺, the edge set 𝐸(𝐺) can be partitioned 

into six subsets, as mentioned in Table 2.  

Table 2. The edge partition of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice based on the degree sum of neighbors. 

Subset (𝑺𝑮(𝒖), 𝑺𝑮(𝒗)) Total number of edges in the subset 

𝐸1(𝐺) (5,5) 4 

𝐸2(𝐺) (5,8) 8 
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Subset (𝑺𝑮(𝒖), 𝑺𝑮(𝒗)) Total number of edges in the subset 

𝐸3(𝐺) (6,8) 4(𝑞 + 𝑝 − 4) 

𝐸4(𝐺) (8,8) 2(𝑝 + 𝑞) 

𝐸5(𝐺) (8,9) 4(𝑞 + 𝑝 − 4) 

𝐸6(𝐺) (9,9) 6𝑝𝑞 − 11(𝑝 + 𝑞) + 20 

Theorem 3.1.2. The general fifth 𝑀1 −Zagreb polynomial of 𝐺 is given by  

𝑀1
𝛼𝐺5(𝐺, 𝑥) = 4𝑥10𝛼

+ 8𝑥13𝛼
+ 4(𝑞 + 𝑝 − 4)𝑥14𝛼

+ 2(𝑝 + 𝑞)𝑥16𝛼
                                     

+ 4(𝑞 + 𝑝 − 4)𝑥17𝛼
+ (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥18𝛼

. 

Proof. From the definition of general fifth 𝑀1 −Zagreb polynomial, we have  

 𝑀1
𝛼𝐺5(𝐺, 𝑥) = ∑𝑢𝑣∈𝐸(𝐺) 𝑥(𝑆𝐺(𝑢)+𝑆𝐺(𝑣))𝛼

 

 = ∑𝑢𝑣∈𝐸1(𝐺) 𝑥(5+5)𝛼
+ ∑𝑢𝑣∈𝐸2(𝐺) 𝑥(5+8)𝛼

+ ∑𝑢𝑣∈𝐸3(𝐺) 𝑥(6+8)𝛼
 

 + ∑𝑢𝑣∈𝐸4(𝐺) 𝑥(8+8)𝛼
+ ∑𝑢𝑣∈𝐸5(𝐺) 𝑥(8+9)𝛼

+ ∑𝑢𝑣∈𝐸6(𝐺) 𝑥(9+9)𝛼
 

 = 4𝑥10𝛼
+ 8𝑥13𝛼

+ 4(𝑞 + 𝑝 − 4)𝑥14𝛼
+ 2(𝑝 + 𝑞)𝑥16𝛼

 

+4(𝑞 + 𝑝 − 4)𝑥17𝛼
+ (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥18𝛼

. 

Corollary 3.1.3. The fifth𝑀1-Zagreb and fifth hyper 𝑀1-Zagreb polynomials of  

𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

 𝑀1𝐺5(𝐺, 𝑥) = 4𝑥10 + 8𝑥13 + 4(𝑞 + 𝑝 − 4)𝑥14 + 2(𝑝 + 𝑞)𝑥16 

                            +4(𝑞 + 𝑝 − 4)𝑥17 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥18 

 and   𝐻𝑀1𝐺5(𝐺, 𝑥) = 4𝑥100 + 8𝑥169 + 4(𝑞 + 𝑝 − 4)𝑥196 + 2(𝑝 + 𝑞)𝑥256 

                                        +4(𝑞 + 𝑝 − 4)𝑥289 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥324. 

Proposition 3.1.4. The general fifth𝑀1-Zagreb index of 𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given 

by  

 𝑀1
𝛼𝐺5(𝐺) = 4(10)𝛼 + 8(13)𝛼 + 4(𝑞 + 𝑝 − 4)(14)𝛼 + 2(𝑝 + 𝑞)(16)𝛼 

 +4(𝑞 + 𝑝 − 4)(17)𝛼 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)(18)𝛼. 

Corollary 3.1.5. The fifth M1-Zagreb and fifth hyper 𝑀1-Zagreb indices of  

𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀1𝐺5(𝐺) = 8 − 42(𝑝 + 𝑞) + 108𝑝𝑞     𝑎𝑛𝑑        

𝐻𝑀1𝐺5(𝐺) = 472 − 1112(𝑝 + 𝑞) + 1944𝑝𝑞. 

Theorem 3.1.6. The general fifth 𝑀2-Zagreb polynomial of 𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is 

given by  

 𝑀2
𝛼𝐺5(𝐺, 𝑥) = 4𝑥25𝛼

+ 8𝑥40𝛼
+ 4(𝑞 + 𝑝 − 4)𝑥48𝛼

+ 2(𝑝 + 𝑞)𝑥64𝛼
 

 +4(𝑞 + 𝑝 − 4)𝑥72𝛼
+ (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥81𝛼

. 

Proof. From the definition of the general fifth 𝑀2-Zagreb polynomial index, we get  

 𝑀2
𝛼𝐺5(𝐺, 𝑥) = ∑𝑢𝑣∈𝐸(𝐺) 𝑥(𝑆𝐺(𝑢)∗𝑆𝐺(𝑣))𝛼

 

 = ∑𝑢𝑣∈𝐸1(𝐺) 𝑥(5∗5)𝛼
+ ∑𝑢𝑣∈𝐸2(𝐺) 𝑥(5∗8)𝛼

+ ∑𝑢𝑣∈𝐸3(𝐺) 𝑥(6∗8)𝛼
 

 + ∑𝑢𝑣∈𝐸4(𝐺) 𝑥(8∗8)𝛼
+ ∑𝑢𝑣∈𝐸5(𝐺) 𝑥(8∗9)𝛼

+ ∑𝑢𝑣∈𝐸6(𝐺) 𝑥(9∗9)𝛼
 

 = 4𝑥25𝛼
+ 8𝑥40𝛼

+ 4(𝑞 + 𝑝 − 4)𝑥48𝛼
+ 2(𝑝 + 𝑞)𝑥64𝛼

+       

4(𝑞 + 𝑝 − 4)𝑥72𝛼
+ (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥81𝛼

. 

Corollary 3.1.7. The fifth 𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb polynomials of  

𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by     
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 𝑀2𝐺5(𝐺, 𝑥) = 4𝑥25 + 8𝑥40 + 4(𝑞 + 𝑝 − 4)𝑥48 + 2(𝑝 + 𝑞)𝑥64 

                         +4(𝑞 + 𝑝 − 4)𝑥72 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥81 

 and  𝐻𝑀2𝐺5(𝐺, 𝑥) = 4𝑥625 + 8𝑥1600 + 4(𝑞 + 𝑝 − 4)𝑥2304 + 2(𝑝 + 𝑞)𝑥4096 

 +4(𝑞 + 𝑝 − 4)𝑥5184 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)𝑥6561. 

Proposition 3.1.8. The general fifth 𝑀2-Zagreb index of 𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given 

by  

 𝑀2
𝛼𝐺5(𝐺) = 4(25)𝛼 + 8(40)𝛼 + 4(𝑞 + 𝑝 − 4)(48)𝛼 + 2(𝑝 + 𝑞)(64)𝛼 

 +4(𝑞 + 𝑝 − 4)(72)𝛼 + (6𝑝𝑞 − 11(𝑞 + 𝑝) + 20)(81)𝛼. 

Corollary 3.1.9. The fifth𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb indices of  

  𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀2𝐺5(𝐺) = 120 − 283(𝑝 + 𝑞) + 486𝑝𝑞     and 

 𝐻𝑀2𝐺5(𝐺) = 26712 − 34027(𝑝 + 𝑞) + 39366𝑝𝑞.  

Theorem 3.1.10. The 𝑀3 −Zagreb polynomial of 𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

 𝑀3𝐺5(𝐺, 𝑥) = 8𝑥3 + 4(𝑞 + 𝑝 − 4)𝑥2 + 4(𝑞 + 𝑝 − 4)𝑥 + (6𝑝𝑞 − 9(𝑝 + 𝑞) + 24). 

Proof. By definition,                                                          

𝑀3𝐺5(𝐺, 𝑥) = ∑

𝑢𝑣∈𝐸(𝐺)

𝑥(|𝑆𝐺(𝑢)−𝑆𝐺(𝑣)|) 

 = ∑𝑢𝑣∈𝐸1(𝐺) 𝑥|(5−5)| + ∑𝑢𝑣∈𝐸2(𝐺) 𝑥|(5−8)| + ∑𝑢𝑣∈𝐸3(𝐺) 𝑥|(6−8)| 

 + ∑𝑢𝑣∈𝐸4(𝐺) 𝑥|(8−8)| + ∑𝑢𝑣∈𝐸5(𝐺) 𝑥|(8−9)| + ∑𝑢𝑣∈𝐸6(𝐺) 𝑥|(9−9)| 

 = 8𝑥3 + 4(𝑞 + 𝑝 − 4)𝑥2 + 4(𝑞 + 𝑝 − 4)𝑥 + (6𝑝𝑞 − 9(𝑝 + 𝑞) + 24). 

Proposition 3.1.11. The new version of the third Zagreb index of 𝐺 = 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice 

is given by𝑀3𝐺5(𝐺) = 12(𝑝 + 𝑞) − 24. 

3.2.  𝑀 −Zagreb polynomials of the subdivision graph of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. 

Observation 3.2.1. Let 𝐻 be the subdivision graph of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. Based on the 

degree sum w. r. t. the neighbors of the end vertices of each edge in 𝐻, the edge set 𝐸(𝐻) can 

be partitioned into four subsets, as mentioned in Table 3.  

Table 3. The edge partition of the subdivision graph 𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice based on the degree sum of 

neighbors. 

Subset (𝑺𝑯(𝒖), 𝑺𝑯(𝒗)) Total number of edges in the subset 

𝐸1(𝐻) (4,4) 8 

𝐸2(𝐻) (4,5) 4(q+p-2) 

𝐸3(𝐻) (5,6) 4(q+p-2) 

𝐸4(𝐻) (6,6) 12pq-10(p+q)+8 

Theorem 3.2.2. The general fifth 𝑀1 −Zagreb polynomial of the subdivision graph 𝐻 of 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

𝑀1
𝛼𝐺5(𝐻, 𝑥) = 8𝑥8𝛼

+ 4(𝑞 + 𝑝 − 2)𝑥9𝛼
+ 4(𝑞 + 𝑝 − 2)𝑥11𝛼

 

+[12𝑝𝑞 − 10(𝑝 + 𝑞) + 8]𝑥12𝛼
. 

Proof. From the definition of the general fifth 𝑀1 −Zagreb polynomial, we have 𝑀1
𝛼𝐺5(𝐻, 𝑥) =

∑𝑢𝑣∈𝐸(𝐻) 𝑥(𝑆𝐻(𝑢)+𝑆𝐻(𝑣))𝛼
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                 = ∑

𝑢𝑣∈𝐸1(𝐻)

𝑥(4+4)𝛼
+ ∑

𝑢𝑣∈𝐸2(𝐻)

𝑥(4+5)𝛼
+ ∑

𝑢𝑣∈𝐸3(𝐻)

𝑥(5+6)𝛼
+ ∑

𝑢𝑣∈𝐸4(𝐻)

𝑥(6+6)𝛼
 

                  = 8𝑥8𝛼
+ 4(𝑞 + 𝑝 − 2)𝑥9𝛼

+ 4(𝑞 + 𝑝 − 2)𝑥11𝛼
+ (12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥12𝛼

. 

Corollary 3.2.3. The fifth 𝑀1-Zagreb and fifth hyper 𝑀1-Zagreb polynomials of the subdivision 

graph 𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀1𝐺5(𝐻, 𝑥) = 8𝑥8 + 4(𝑞 + 𝑝 − 2)𝑥9 + 4(𝑞 + 𝑝 − 2)𝑥11 + (12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥12 

 and                𝐻𝑀1𝐺5(𝐻, 𝑥) = 8𝑥64 + 4(𝑞 + 𝑝 − 2)𝑥81 + 4(𝑞 + 𝑝 − 2)𝑥121 

+(12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥144. 

Proposition 3.2.4. The general fifth 𝑀1-Zagreb index of the subdivision graph 𝐻 of 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

𝑀1
𝛼𝐺5(𝐻) = 8(8)𝛼 + 4(𝑞 + 𝑝 − 2)(9)𝛼 + 4(𝑞 + 𝑝 − 2)(11)𝛼 

+(12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)(12)𝛼 . 

Corollary 3.2.5. The fifth𝑀1-Zagreb and fifth hyper 𝑀1-Zagreb indices of the subdivision graph 

𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by       

𝑀1𝐺5(𝐻) = 144𝑝𝑞 − 40(𝑝 + 𝑞)     𝑎𝑛𝑑       𝐻𝑀1𝐺5(𝐻) = 48 − 632(𝑝 + 𝑞) + 1728𝑝𝑞. 

Theorem 3.2.6. The general fifth 𝑀2-Zagreb polynomial of the subdivision graph 𝐻 of 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

 𝑀2
𝛼𝐺5(𝐻, 𝑥) = 8𝑥16𝛼

+ 4(𝑞 + 𝑝 − 2)𝑥20𝛼
+ 4(𝑞 + 𝑝 − 2)𝑥30𝛼

 

+(12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥36𝛼
. 

Proof. From the definition of the general fifth 𝑀2-Zagreb polynomial, we get  

𝑀2
𝛼𝐺5(𝐻, 𝑥) = ∑

𝑢𝑣∈𝐸(𝐻)

𝑥(𝑆𝐻(𝑢)∗𝑆𝐻(𝑣))𝛼
 

= ∑

𝑢𝑣∈𝐸1(𝐻)

𝑥(4∗4)𝛼
+ ∑

𝑢𝑣∈𝐸2(𝐻)

𝑥(4∗5)𝛼
+ ∑

𝑢𝑣∈𝐸3(𝐻)

𝑥(5∗6)𝛼
+ ∑

𝑢𝑣∈𝐸4(𝐻)

𝑥(6∗6)𝛼
 

         = 8𝑥16𝛼
+ 4(𝑞 + 𝑝 − 2)𝑥20𝛼

+ 4(𝑞 + 𝑝 − 2)𝑥30𝛼
+ (12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥36𝛼

. 

Corollary 3.2.7. The fifth 𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb polynomials of the subdivision 

graph 𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀2𝐺5(𝐻, 𝑥) = 8𝑥16 + 4(𝑞 + 𝑝 − 2)𝑥20 + 4(𝑞 + 𝑝 − 2)𝑥30 + (12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥36 

 and 𝐻𝑀2𝐺5(𝐻, 𝑥) = 8𝑥256 + 4(𝑞 + 𝑝 − 2)𝑥400 + 4(𝑞 + 𝑝 − 2)𝑥900 

+(12𝑝𝑞 − 10(𝑝 + 𝑞) + 8)𝑥1296. 

Proposition 3.2.8. The general fifth 𝑀2-Zagreb index of the subdivision graph 𝐻 of 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

 𝑀2
𝛼𝐺5(𝐻) = 8(16)𝛼 + 4(𝑞 + 𝑝 − 2)(20)𝛼 + 4(𝑞 + 𝑝 − 2)(30)𝛼 

+(12𝑝𝑞 − 10(𝑞 + 𝑝) + 8)(36)𝛼 . 

Corollary 3.2.9. The fifth 𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb indices of the subdivision graph 

𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀2𝐺5(𝐻) = 432𝑝𝑞 − 160(𝑝 + 𝑞) + 16and 

𝐻𝑀2𝐺5(𝐻) = 2016 + 15552𝑝𝑞 − 7760(𝑝 + 𝑞). 
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Theorem 3.2.10. The 𝑀3 −Zagreb polynomial of the subdivision graph 𝐻 of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] 

lattice is given by  

 𝑀3𝐺5(𝐻, 𝑥) = 8(𝑞 + 𝑝 − 2)𝑥 + (12𝑝𝑞 − 10(𝑝 + 𝑞) + 16). 

Proof. By definition,  

 𝑀3𝐺5(𝐻, 𝑥) = ∑𝑢𝑣∈𝐸1(𝐻) 𝑥|4−4| + ∑𝑢𝑣∈𝐸2(𝐻) 𝑥|4−5| 

                                     +∑𝑢𝑣∈𝐸3(𝐻) 𝑥|(5−6)| + ∑𝑢𝑣∈𝐸4(𝐻) 𝑥|(6−6)| 

 = 8(𝑞 + 𝑝 − 2)𝑥 + 12𝑝𝑞 − 10(𝑝 + 𝑞) + 16. 

Proposition 3.2.11. The new version of the third Zagreb index of the subdivision graph 𝐻 of 

𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞]lattice is given by𝑀3𝐺5(𝐻) = 8(𝑞 + 𝑝 − 2). 

3.2.  𝑀 −Zagreb polynomials of the para-line graph of 𝑡ℎ𝑒 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. 

Observation 3.3.1. Let 𝐾 be the para-line graph of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice. Based on the 

degree sum w. r. t. the neighbors of the end vertices of each edge in 𝐾, the edge set 𝐸(𝐾) can 

be partitioned into six subsets, as mentioned in Table 4.  

Theorem 3.3.2. The general fifth 𝑀1 −Zagreb polynomial of the para-line graph K of 

the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

𝑀1
𝛼𝐺5(𝐾, 𝑥) = 4(𝑥)8𝛼

+ 8(𝑥)9𝛼
+ 2(𝑞 + 𝑝 − 4)(𝑥)10𝛼

+ 4(𝑞 + 𝑝 − 2)(𝑥)13𝛼
 

                          +8(𝑞 + 𝑝 − 2)(𝑥)17𝛼
+ (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)18𝛼

. 

Table 4. The edge partition of the line graph 𝐾 of the subdivision graph of 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice based on the 

degree sum of neighbors. 

Subset (𝑺𝑲(𝒖), 𝑺𝑲(𝒗) Total number of edges in the subset 

𝐸1(𝐾)  (4,4)  4 

𝐸2(𝐾)  (4,5)  8 

𝐸3(𝐾)  (5,5)  2(p+q-4) 

𝐸4(𝐾)  (5,8)  4(q+p-2) 

𝐸5(𝐾)  (8,9)  8(q+p-2) 

𝐸6(𝐾)  (9,9)  18pq-19(p+q)+20 

Proof. From the definition of general fifth 𝑀1 −Zagreb polynomial, we have  

𝑀1
𝛼𝐺5(𝐾, 𝑥) = ∑

𝑢𝑣∈𝐸1(𝐾))

𝑥(4+4)𝛼
+ ∑

𝑢𝑣∈𝐸2(𝐾))

𝑥(4+5)𝛼
+ ∑

𝑢𝑣∈𝐸3(𝐾))

𝑥(5+5)𝛼
 

 + ∑𝑢𝑣∈𝐸4(𝐾)) 𝑥(5+8)𝛼
+ ∑𝑢𝑣∈𝐸5(𝐾)) 𝑥(8+9)𝛼

+ ∑𝑢𝑣∈𝐸6(𝐾)) 𝑥(9+9)𝛼
 

= 4(𝑥)8𝛼
+ 8(𝑥)9𝛼

+ 2(𝑞 + 𝑝 − 4)(𝑥)10𝛼
+ 4(𝑞 + 𝑝 − 2)(𝑥)13𝛼

 

 +8(𝑞 + 𝑝 − 2)(𝑥)17𝛼
+ (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)18𝛼

. 

Corollary 3.3.3. The fifth𝑀1-Zagreb and fifth hyper 𝑀1-Zagreb polynomials of the para-line 

graph K of the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀1𝐺5(𝐾, 𝑥) = 4𝑥8 + 8𝑥9 + 2(𝑞 + 𝑝 − 4)𝑥10 + 4(𝑞 + 𝑝 − 2)𝑥13 + 8(𝑞 + 𝑝 − 2)𝑥17

+ (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)𝑥18 

 and  𝐻𝑀1𝐺5(𝐾, 𝑥) = 4𝑥64 + 8𝑥81 + 2(𝑞 + 𝑝 − 4)𝑥100 + 4(𝑞 + 𝑝 − 2)𝑥169 

                     +8(𝑞 + 𝑝 − 2)𝑥289 + (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)𝑥324. 

Proposition 3.3.4. The general fifth 𝑀1-Zagreb index of the para-line graph K of 

the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

 𝑀1
𝛼𝐺5(𝐾) = 4(8)𝛼 + 8(9)𝛼 + 2(𝑞 + 𝑝 − 4)10𝛼 + 4(𝑞 + 𝑝 − 2)13𝛼 
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                           +8(𝑞 + 𝑝 − 2)17𝛼 + (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)18𝛼. 

Corollary 3.3.5. The fifth 𝑀1-Zagreb and fifth hyper 𝑀1-Zagreb indices of the para-line graph 

K of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice given by  

𝑀1𝐺5(𝐾) = 8 − 134(𝑝 + 𝑞) + 324𝑝𝑞     and 

𝐻𝑀1𝐺5(𝐾) = 608 − 2968(𝑝 + 𝑞) + 5832𝑝𝑞. 

Theorem 3.3.6. The general fifth𝑀2-Zagreb polynomial of the para-line graph K of 

the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

𝑀2
𝛼𝐺5(𝐾, 𝑥) = 4(𝑥)16𝛼

+ 8(𝑥)20𝛼
+ 2(𝑞 + 𝑝 − 4)(𝑥)25𝛼

+ 4(𝑞 + 𝑝 − 2)(𝑥)40𝛼
 

+8(𝑞 + 𝑝 − 2)(𝑥)72𝛼
+ (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)81𝛼

. 

Proof. From the definition of the general fifth 𝑀2-Zagreb polynomial index, we get  

 𝑀2
𝛼𝐺5(𝐾, 𝑥) = ∑𝑢𝑣∈𝐸(𝐾) 𝑥(𝑆𝐾(𝑢)∗𝑆𝐾(𝑣))𝛼

 

= ∑

𝑢𝑣∈𝐸1(𝐾))

𝑥(4∗4)𝛼
+ ∑

𝑢𝑣∈𝐸2(𝐾))

𝑥(4∗5)𝛼
+ ∑

𝑢𝑣∈𝐸3(𝐾))

𝑥(5∗5)𝛼
 

        + ∑𝑢𝑣∈𝐸4(𝐾)) 𝑥(5∗8)𝛼
+ ∑𝑢𝑣∈𝐸5(𝐾)) 𝑥(8∗9)𝛼

+ ∑𝑢𝑣∈𝐸6(𝐾)) 𝑥(9∗9)𝛼
 

 = 4(𝑥)16𝛼
+ 8(𝑥)20𝛼

+ 2(𝑞 + 𝑝 − 4)(𝑥)25𝛼
+ 4(𝑞 + 𝑝 − 2)(𝑥)40𝛼

 

     +8(𝑞 + 𝑝 − 2)(𝑥)72𝛼
+ (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)81𝛼

. 

Corollary 3.3.7. The fifth𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb polynomials of the para-line 

graph K of the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

𝑀2𝐺5(𝐾, 𝑥) = 4(𝑥)16 + 8(𝑥)20 + 2(𝑞 + 𝑝 − 4)(𝑥)25 + 4(𝑞 + 𝑝 − 2)(𝑥)40 

         +8(𝑞 + 𝑝 − 2)(𝑥)72 + (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)81 

 and  

       𝐻𝑀2𝐺5(𝐾, 𝑥) = 4(𝑥)256 + 8(𝑥)400 + 2(𝑞 + 𝑝 − 4)(𝑥)625 + 4(𝑞 + 𝑝 − 2)(𝑥)1600 

                     +8(𝑞 + 𝑝 − 2)(𝑥)5184 + (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)(𝑥)6561. 

Proposition 3.3.8. The general fifth 𝑀2-Zagreb index of the para-line graph K of 

the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by  

 𝑀2
𝛼𝐺5(𝐾) = 4(16)𝛼 + 8(20)𝛼 + 2(𝑞 + 𝑝 − 4)25𝛼 + 4(𝑞 + 𝑝 − 2)40𝛼 

                           +8(𝑞 + 𝑝 − 2)72𝛼 + (18𝑝𝑞 − 19(𝑞 + 𝑝) + 20)81𝛼. 

Corollary 3.3.9. The fifth 𝑀2-Zagreb and fifth hyper 𝑀2-Zagreb indices of the para-line graph 

K of the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice are given by  

 𝑀2𝐺5(𝐾) = 172 − 753(𝑝 + 𝑞) + 1458𝑝𝑞     and 

𝐻𝑀2𝐺5(𝐾) = 34700 − 75537(𝑝 + 𝑞) + 118098𝑝𝑞. 

Theorem 3.3.10. The 𝑀3 −Zagreb polynomial of the para-line graph K of the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] 

lattice is given by  

 𝑀3𝐺5(𝐾, 𝑥) = 4(𝑞 + 𝑝 − 2)𝑥3 + 8(𝑞 + 𝑝 − 1)𝑥 − 17(𝑝 + 𝑞) + 18𝑝𝑞 + 16. 

Proof. By definition,  

𝑀3𝐺5(𝐾, 𝑥) = ∑

𝑢𝑣∈𝐸1(𝐾))

𝑥|(4−4)| + ∑

𝑢𝑣∈𝐸2(𝐾))

𝑥|(4−5)| + ∑

𝑢𝑣∈𝐸3(𝐾))

𝑥|(5−5)| 

                   + ∑𝑢𝑣∈𝐸4(𝐾)) 𝑥|(5−8)| + ∑𝑢𝑣∈𝐸5(𝐾)) 𝑥|(8−9)| + ∑𝑢𝑣∈𝐸6(𝐾)) 𝑥|(9−9)| 

 = 4(𝑞 + 𝑝 − 2)𝑥3 + 8(𝑞 + 𝑝 − 1)𝑥 − 17(𝑝 + 𝑞) + 18𝑝𝑞 + 16. 
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Proposition 3.3.11. The new version of the third Zagreb index of the para-line graph K of 

the𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice is given by𝑀3𝐺5(𝐾) = 20(𝑝 + 𝑞) − 32... 

4. Conclusions 

 In this article, we have computed the closed forms of the fifth 𝑀 −Zagreb indices, fifth 

hyper 𝑀 −Zagreb indices, and general fifth 𝑀 −Zagreb indices of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] lattice 

and its subdivision and para-line graphs by means of constructing the respective general fifth 

𝑀 −Zagreb polynomials. We have also computed the new version of its third Zagreb index for 

each of these graphs using the 𝑀3 −Zagreb polynomial. Further, we intend to compute these 

indices for the nanotubes and nanotori of the 𝑇𝑈𝐶4𝐶8(𝑅)[𝑝, 𝑞] structures & their derived 

graphs and for other relevant graphs. 
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