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Abstract: A molecular graph or a chemical graph is a graph related to the structure of a chemical
compound. The topological indices play a vital role in understanding the physical, chemical, and
topological properties of the respective compound. In this article, we discuss the computation of the
degree-based topological indices, namely - the fifth M —Zagreb indices and their polynomials, fifth
hyper M —Zagreb indices and their polynomials, general fifth M —Zagreb indices and their
polynomials, third Zagreb index and it is polynomial for the TUC,Cg(R)[p, q] lattice, its subdivision,
and para-line graphs.
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1. Introduction

The graphs considered in this article are simple, undirected, finite, and connected. The
length of the shortest path between two vertices u, v € V(G) in a graph G is called the distance
d(u, v) between them. The subdivision graph S(G) of G is the graph obtained by replacing
every edge e = uv in G with a vertex, say w, and adding two edges of the form uw and wv.
The line graph L(G) of G is the graph obtained by replacing each edge in G by a vertex and
adding edges of the form e = uwv to it, such that the vertices u and v in L(G) are adjacent if
and only if the corresponding vertices are adjacent in G. Further, the para-line graph L(S(G))
is the line graph of the subdivision graph of G. The degree of a vertex v € V(@) is the number
of vertices adjacent with it in G, and the sum of degrees of all the neighbors of v is called the
degree sum of its neighbors, denoted S; (v).

Topological indices are found to be very useful in the study of physical, chemical, and
structural properties, such as boiling point, molecular weight, density, and toxicity of chemical
graphs. Wiener index was one of the first such indices, introduced by H. Wiener [1], in the
study of the structural properties of a compound. Hosoya index, Randic’ index, Zagreb index,
and Szeged index [2-4] are some of the commonly known topological indices used for
investigating the Quantitative Structure-Activity Relationship(QSAR) and Quantitative
Structure-Property Relationships(QSPR) of chemical graphs and nanostructures. Over the
years, many variations of these indices have been introduced and studied by various authors
[5-13]. In particular, many authors have worked on constructing graph-theoretic polynomials
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based on which some of these topological indices can be found [14-21]. For various
applications of topological indices, we cite [22-26].

2. Materials and Methods

As discussed by M. Stefu et al. in [27], the TUC,Cg(R)[p, q], nanostructure, with
p,q = 2, is obtained by taking the squareC, as the unit polygon U and performing its square
stellation followed by dualisation. from alternating rhombi and octagons, and consists of p
rhombi and their g rows. The graphs of the 2D-lattice, nanotube, and nanotorus of the
TUC,Cg(R)[p, qla nanostructure is illustrated, taking p=6 and g = 4, in Fig.1, 2, and 3.

Figure 1. The TUC,Cg4[6,4] lattice.

Figure 2. The subdivision graph of TUC,Cg[6,4]lattice.
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Figure 3. The para-line graph of TUC,Cg[6,4] lattice.

Table 1. Expressions for the topological indices/polynomials in terms of degree sums of neighbors.

Topological Index Notation Expression
MEG5(6) Z (S () + Se(v))“
UveEE(G)
General fifth Zagreb indices
MG (G) > Sa@s @)
uveE(G)
Fifth hyper M —Zagreb indices HM,G5(G) Z (Se @) + S5 (v))*
uveE(G)
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Topological Index Notation Expression
HM, G4 (6) > sy
UVEE(G)
New version of the third Zagreb index M3Gs(G) Z 156 (W) — Se (W)
uveE(G)
MyGo(G. %) £ (S6W+S6())
195 ’
Fifth M —Zagreb polynomials UPEE(S)
M, Ge(G. ) £ (S6(WS6())
2T uveE(G)
HMLGo (G, )  (ScW+S(¥)?
1954,
Fifth hyper M —Zagreb polynomials uveE(G)
HM,G(G, %) xScWSc(¥)?
arshn UveE(G)
MEGL(G. ) (S +S6(1))"
General fifth M —Zagreb polynomials L weE(G)
(a # 0 is any real number) MEGL(G,x) xSeWSe@)®
2 UVEE(G)
S )
M, — Zagreb polynomial M3Gs(G,x) x5Sl
uveE(G)

In the year 2011, Graovac et al. [5], while working on the computation of the GA index
of nanostar dendrimers, introduced a new version of the Zagreb indices, called the fifth
M —Zagreb indices as follows:

MyGs(G) = Tuver(ey (Sa (W) + S6(¥))andM,Gs(6) = Tuver(s) (So(W)Se(@)).

Motivated by the above studies, V. R. Kulli [6], in the year 2017, gave a general form

of the fifth M —Zagreb indices and introduced some related polynomials as given in Table 1.

Observation 2.1. The general fifth M — Zagreb indices are obtained by differentiating the
corresponding general fifth M — Zagreb polynomials and then choosing x = 1. Further,
choosing @ = 1 and @ = 2 in the obtained expressions give the corresponding fifth M —Zagreb
indices and fifth hyper M — Zagreb indices, respectively.

In the literature, various authors have worked on these topological indices/polynomials
and have computed the same for some families of graphs such as PAMAM dendrimers,
nanostar dendrimers, carbon graphite, and Benzene rings.

Moving in this direction, we construct the general fifth M —Zagreb polynomials of the
TUC,Cg(R)[p, q] lattice and its subdivision & para-line graphs, using which, we compute some
of their degree-based topological indices, namely - the fifth M —Zagreb indices, fifth hyper
M —Zagreb indices, and general fifth M —Zagreb indices in this article. We also obtain their
M5 —Zagreb polynomial and compute the new version of their third Zagreb index.

3. Results and Discussion
3.1. M —Zagreb polynomials of the TUC,Cg(R)[p, q] lattice.

Observation 3.1.1. Let G be the graph of the TUC,Cs(R)[p, q] lattice. Based on the degree sum
w. r. t. the neighbors of the end vertices of each edge in G, the edge set E(G) can be partitioned
into six subsets, as mentioned in Table 2.

Table 2. The edge partition of the TUC,Cg(R)[p, q] lattice based on the degree sum of neighbors.

Subset Sc(w),Sc(v) Total number of edges in the subset
E (@) (5,5) 4
E>(6) (5.8) 8
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Subset Se(w),S;(v) Total number of edges in the subset
E3(G) (6.8) 4(qtp—4)

E4(G) (8.8) 2(p+q)

Es(G) (8.9 4(qtp—4)

E¢(G) (9,9) 6pq —11(p+q) + 20

Theorem 3.1.2. The general fifth M; —Zagreb polynomial of G is given by
M{Gs(G,x) = 4x°" + 8x13" + 4(q +p — Hx™" + 2(p + )x1*"
+4(qg+p —4)xV" + (6pqg — 11(q + p) + 20)x18°,

Proof. From the definition of general fifth M; —Zagreb polynomial, we have
M{G5(G,x) = Zuper(s) X656
= ZuUEEl(G) xGHOT 4 ZquEZ(G) x4 ZquEg(G) x 6+
+ Duver, (6) X G+ 4 DuveEs(G) X B+ DuveEe(G) X ©O+9)*
= 4x19% £ 8x13% + 4(q + p — H)x™" + 2(p + q)x16°
+4(q +p — 4)xV" + (6pq — 11(q + p) + 20)x18%,

Corollary 3.1.3. The fifthM,-Zagreb and fifth hyper M,-Zagreb polynomials of
G =TUC,C3(R)[p, q] lattice are given by
M;Gs(G,x) = 4x™° + 8x13 + 4(q + p — 4)x** + 2(p + q)x1®
+4(q +p — H)x17 + (6pg — 11(q + p) + 20)x18
and  HM,;Gs(G,x) = 4x1°° + 8x1%° + 4(q + p — 4)x% + 2(p + q)x?>°
+4(q +p — 4)x?8 + (6pq — 11(q + p) + 20)x3?%%,

Proposition 3.1.4. The general fifthM,-Zagreb index of G = TUC,Cg(R)[p, q] lattice is given
by

MIGs(G) = 4(10)*+8(13)*+4(g+p—4) (1) + 2(p + 9)(16)“

+4(q +p —4)(17)* + (6pq — 11(q + p) + 20)(18)“.

Corollary 3.1.5. The fifth M;-Zagreb and fifth hyper M,-Zagreb indices of
G =TUC,Cg(R)[p, q] lattice are given by
M Gs(G) =8—42(p+q)+108pg and
HM,G5(G) = 472 —1112(p + q) + 1944pq.

Theorem 3.1.6. The general fifth M,-Zagreb polynomial of G = TUC,Cg(R)[p, q] lattice is
given by

M%Gs(G,x) = 4x%°° + 8x*" + 4(qg + p — H)x*3" + 2(p + q)x*"

+4(qg+p — 4)x7* + (6pq — 11(q + p) + 20)x8".

Proof. From the definition of the general fifth M,-Zagreb polynomial index, we get
M$Gs(G,x) = Yuver(q) xS 5a)”
= YuveE, (6) x G 4 YuveE, (6) x4+ YuveEs (6) x(©®)"
+ YuveE, (6) x @8 4 YuveEs(G) x@% 4 YuveE(G) x 9"
= 4x25% 4 8x*° + 4(qg +p — 4)x*8 + 2(p + Q)x®*" +
4(q +p —4)x7*" + (6pq — 11(q + p) + 20)x8",

Corollary 3.1.7. The fifth M,-Zagreb and fifth hyper M,-Zagreb polynomials of
G =TUC,Cg(R)[p, q] lattice are given by
https://nanobioletters.com/ 1741
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M,Gs(G,x) = 4x%°> +8x%° + 4(q + p — 4)x*® + 2(p + q)x%*
+4(q +p —4)x"? + (6pqg — 11(q + p) + 20)x81
and  HM,Gs(G,x) = 4x525 + 8x1600 + 4(q + p — 4)x23%* + 2(p + q)x*0%
+4(q +p — 4)x°18 + (6pg — 11(q + p) + 20)x 6561,

Proposition 3.1.8. The general fifth M,-Zagreb index of G = TUC,Cg(R)[p, q] lattice is given
by

M$G5(G) =4(25)* +8(40)* +4(q+p —4)(48)* + 2(p + q)(64)”

+4(q +p —4)(72)* + (6pqg — 11(q + p) + 20)(81)“.

Corollary 3.1.9. The fifthM,-Zagreb and fifth hyper M,-Zagreb indices of
G =TUC,Cg(R)[p, q] lattice are given by
M,G5(G) = 120 — 283(p + q) + 486pq and
HM,G5(G) = 26712 — 34027(p + q) + 39366pq.

Theorem 3.1.10. The M5 —Zagreb polynomial of G = TUC,Cg(R)|[p, q] lattice is given by
M;Gs(G,x) =8x3+4(g+p—4Dx*+4(q+p—4)x+ (6pg —9(p + q) + 24).

Proof. By definition,
M;Gs(G,x) = Z £ (S6a)=S6)D)

uveE(G)
= Yuver, @) X' + Zuver, ) X'C7 + Tuver, @) 1)
+ Zuvery@) X1+ Tuvers@) ¥ + Zuverq (o) x'°7)
=8x*+4(q+p—Dx*+4(q+p—Hx+ (6pqg —9(p + q) + 24).

Proposition 3.1.11. The new version of the third Zagreb index of G = TUC,C3(R)[p, q] lattice
is given byM;G5(G) = 12(p + q) — 24.

3.2. M —Zagreb polynomials of the subdivision graph of the TUC,Cg(R)[p, q] lattice.

Observation 3.2.1. Let H be the subdivision graph of TUC,Cg(R)[p, q] lattice. Based on the
degree sum w. r. t. the neighbors of the end vertices of each edge in H, the edge set E(H) can
be partitioned into four subsets, as mentioned in Table 3.

Table 3. The edge partition of the subdivision graph H of TUC,Cg(R)[p, q] lattice based on the degree sum of

neighbors.
Subset Syp(w),Sy(v) Total number of edges in the subset
E;(H) (4,4) 8
E,(H) (4.5 4(q+p-2)
E3(H) (5.6) 4(q+p-2)
E,(H) (6.6) 12pg-10(p+q)+8

Theorem 3.2.2. The general fifth M; —Zagreb polynomial of the subdivision graph H of
TUC,Cg(R)[p, q] lattice is given by
M%Gs(H,x) = 8x% + 4(q +p — 2)x°" + 4(q + p — 2)x*"

+[12pq — 10(p + q) + 8]x12%,

Proof. From the definition of the general fifth M; —Zagreb polynomial, we have M{*Gs(H, x) =
Yuves iy XSHOITSHE)®
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_ Z ML Z (49 L Z £ (5+6)% 4 Z £ (6+6)%

uveE,(H) Uv€EE,(H) uveEz(H) UvEEL(H)
=8x8" +4(q+p —2)x* +4(q +p - 2)x1 + (12pq — 10(p + q) + 8)x2".

Corollary 3.2.3. The fifth M, -Zagreb and fifth hyper M, -Zagreb polynomials of the subdivision
graph H of TUC,Cg(R)|[p, q] lattice are given by
M;Gs(H,x) =8x®+4(q+p—2)x"+4(q+p—2)x + (12pq — 10(p + q) + 8)x1?
and HMGs(H,x) = 8x%* + 4(q + p — 2)x81 + 4(q + p — 2)x'??
+(12pq — 10(p + q) + 8)x1*%.

Proposition 3.2.4. The general fifth M,;-Zagreb index of the subdivision graph H of
TUC,Cg(R)[p, q] lattice is given by
MiGs(H) = 8(8)* +4(q +p —2)(9* +4(q +p - 2)(1)*
+(12pq — 10(p + q) + 8)(12)“.

Corollary 3.2.5. The fifthM, -Zagreb and fifth hyper M, -Zagreb indices of the subdivision graph
H of TUC,Cg(R)[p, q] lattice are given by
M Gs(H) = 144pq —40(p+q) and HM,Gs(H) =48—-632(p+q) + 1728pq.

Theorem 3.2.6. The general fifth M,-Zagreb polynomial of the subdivision graph H of
TUC,Cg(R)[p, q] lattice is given by
MEGs(H,x) = 8x1° + 4(q + p — 2)x2°" + 4(q + p — 2)x3°°
+(12pq — 10(p + q) + 8)x3¢",

Proof. From the definition of the general fifth M,-Zagreb polynomial, we get
M3 Gs(H,x) = z xSHW*SH@)*

UvEE(H)
- z @D Z @) Z NGO Z £ (66)°
uveE(H) uv€eE,(H) uv€eE3z(H) uv€eE,L(H)

=8x1% + 4(q+p —2)x2°" + 4(q +p — 2)x3° + (12pq — 10(p + q) + 8)x3¢".

Corollary 3.2.7. The fifth M,-Zagreb and fifth hyper M,-Zagreb polynomials of the subdivision
graph H of TUC,Cg(R)|[p, q] lattice are given by
M,Gs(H,x) =8x +4(qg+p —2)x?° +4(q +p — 2)x3° + (12pq — 10(p + q) + 8)x3°
and HM,Gs(H,x) = 8x%°° + 4(q +p — 2)x*°° + 4(q + p — 2)x°°°

+(12pq — 10(p + q) + 8)x12%,

Proposition 3.2.8. The general fifth M,-Zagreb index of the subdivision graph H of
TUC,Cg(R)[p, q] lattice is given by
M$Gs(H) =8(16)* +4(q+p —2)(20)* +4(q + p — 2)(30)¢
+(12pq — 10(q + p) + 8)(36)%.

Corollary 3.2.9. The fifth M,-Zagreb and fifth hyper M,-Zagreb indices of the subdivision graph
H of TUC,Cg(R)[p, q] lattice are given by
M,Gs(H) = 432pq — 160(p + q) + 16and
HM,Gs(H) = 2016 + 15552pq — 7760(p + q).
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Theorem 3.2.10. The M; —Zagreb polynomial of the subdivision graph H of TUC,Cg(R)|[p, q]
lattice is given by
M3;Gs(H,x) =8(q+p—2)x+ (12pq — 10(p + q) + 16).

Proof. By definition,
M3Gs(H,x) = Yuver, (i) x4 4 YuveE, (H) x14=5I
+Y ek (1) x1G=O1 4 YuveE, () x1(6=6)l
=8(q+p—2)x+12pq —10(p + q) + 16.

Proposition 3.2.11. The new version of the third Zagreb index of the subdivision graph H of
TUC,Cg(R)[p, q]lattice is given byM;Gs(H) = 8(q + p — 2).

3.2. M —Zagreb polynomials of the para-line graph of the TUC,Cg(R)|p, q] lattice.

Observation 3.3.1. Let K be the para-line graph of the TUC,Cg(R)[p, q] lattice. Based on the
degree sum w. r. t. the neighbors of the end vertices of each edge in K, the edge set E(K) can
be partitioned into six subsets, as mentioned in Table 4.

Theorem 3.3.2. The general fifth M; —Zagreb polynomial of the para-line graph K of
theTUC,Cg(R)[p, q] lattice is given by
MEGs(K,x) = 4(0)% +8(0)° +2(q +p — ()" + 4(q +p - 2)(x)**"

+8(q+p —2)()Y 4+ (18pg — 19(q + p) + 20)(x)8°,

Table 4. The edge partition of the line graph K of the subdivision graph of TUC,Cg(R)[p, q] lattice based on the
degree sum of neighbors.

Subset (Sx(w),Sx(v) Total number of edges in the subset
E;(K) (4,4) 4

E,(K) (4,5) 8

E;(K) (5.5 2(p+q-4)

E4(K) (5.8) 4(g+p-2)

E5(K) (8.9 8(q+p-2)

E¢(K) (9,9 18pg-19(p+q)+20

Proof. From the definition of general fifth M; —Zagreb polynomial, we have
M{Gs(K, x) = Z XD 4 Z x5 4 z x(5+5)°

uveE; (K)) UVEE, (K)) uveE;(K))
+ Yuver, (1) xGHOT 4 YuveE (k) X @+ 4 DuveEg(K)) X O+9)°
= 4(0)% +8(0)*" +2(q +p— D) +4(q+p - 2)()*"
+8(q+p — 2)(X)V" 4+ (18pg — 19(q + p) + 20)(x)*8°.

Corollary 3.3.3. The fifthM,-Zagreb and fifth hyper M,-Zagreb polynomials of the para-line
graph K of theTUC,Cs(R)|[p, q] lattice are given by
M;Gs(K,x) =4x8+8x°+2(q+p—4H)xP°+4(q+p—2)x13+8(q+p — 2)xV
+ (18pq — 19(q + p) + 20)x18
and HM;Gs(K,x) = 4x%* +8x81 + 2(q + p — 4)x%° + 4(q + p — 2)x1°
+8(q + p — 2)x?8% + (18pq — 19(q + p) + 20)x32%,

Proposition 3.3.4. The general fifth M,-Zagreb index of the para-line graph K of
theTUC,Cg(R)[p, q] lattice is given by
MIGs(K) =4(8)*+8(9)*+2(q+p—4)10*+4(q+p —2)13%
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+8(q +p —2)17% + (18pq — 19(q + p) + 20)18<.

Corollary 3.3.5. The fifth M;-Zagreb and fifth hyper M;-Zagreb indices of the para-line graph
K of the TUC,C5(R)|[p, q] lattice given by

M,Gs(K) =8—134(p + q) + 324pq and

HM,G5(K) = 608 — 2968(p + q) + 5832pq.

Theorem 3.3.6. The general fifthM,-Zagreb polynomial of the para-line graph K of
theTUC,Cg(R)[p, q] lattice is given by
M5 Gs (K, x) = 4(x)"" + 8(x)*°" +2(q +p = H(x)**" + 4(q +p — 2)(x)**"
+8(q +p — 2)(x)7* + (18pq — 19(q + p) + 20) ()8,

Proof. From the definition of the general fifth M,-Zagreb polynomial index, we get
M3Gs(K,x) = Yuverx) x Sk @*Sg@)*

- z x@D% 4 2 X @ 4 z MEDY
UuveE,(K)) UveE,(K)) uv€eEsz(K))
+ Tuver, ) ¥ + Tuversaoy X7 + Tuver iy &P
= 4()"" +8(x)* +2(q +p — D) +4(q +p — 2)()*"
+8(q +p — 2)(x)7%" + (18pq — 19(q + p) + 20)(x)8".

Corollary 3.3.7. The fifthM,-Zagreb and fifth hyper M,-Zagreb polynomials of the para-line
graph K of theTUC,Cg(R)[p, q] lattice are given by
MyGs(K,x) = 4(x)'° +8(x)*° + 2(q + p — D) (0)*® + 4(q + p — 2)(0)*°
+8(q +p — 2)(x)7* + (18pq — 19(q + p) + 20)(x)**
and
HM,G5(K,x) = 4(x)?°° + 8(x)*°° + 2(q + p — 4)(x)®%> + 4(q + p — 2)(x)16%0
+8(q +p — 2)(x)*'®* + (18pq — 19(q + p) + 20)(x)*>°*.

Proposition 3.3.8. The general fifth M,-Zagreb index of the para-line graph K of
theTUC,Cg(R)[p, q] lattice is given by
M5Gs(K) = 4(16)* +8(20)* +2(q +p —4)25%* + 4(q + p — 2)40¢
+8(q +p —2)72% + (18pq — 19(q + p) + 20)81“.

Corollary 3.3.9. The fifth M,-Zagreb and fifth hyper M,-Zagreb indices of the para-line graph
K of theTUC,Cg(R)[p, q] lattice are given by
M,Gs(K) =172 —-753(p + q) + 1458pq and
HM,G5(K) = 34700 — 75537(p + q) + 118098pq.

Theorem 3.3.10. The M5 —Zagreb polynomial of the para-line graph K of theTUC,Cs(R)[p, q]
lattice is given by
M;Gs(K,x) =4(q+p—2)x3+8(q+p—1x—17(p + q) + 18pq + 16.

Proof. By definition,
M;Gs(K,x) = Z x9N 4 Z x5 4 Z x15=5)

uveE, (K)) uveE, (K)) UVEES(K))
+ Yuver, i) X1 CO + T ) X!C + Tver, ky) /€7
=4(q+p—2)x*+8(q+p—1)x—17(p + q) + 18pq + 16.
https://nanobioletters.com/ a
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Proposition 3.3.11. The new version of the third Zagreb index of the para-line graph K of
theTUC,Cg(R)[p, q] lattice is given byM;G5(K) = 20(p + q) — 32...

4. Conclusions

In this article, we have computed the closed forms of the fifth M —Zagreb indices, fifth

hyper M —Zagreb indices, and general fifth M —Zagreb indices of the TUC,Cg(R)|p, q] lattice
and its subdivision and para-line graphs by means of constructing the respective general fifth
M —Zagreb polynomials. We have also computed the new version of its third Zagreb index for
each of these graphs using the M; —Zagreb polynomial. Further, we intend to compute these
indices for the nanotubes and nanotori of the TUC,Cg(R)[p, q] structures & their derived
graphs and for other relevant graphs.
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