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1. Introduction
Topological indices have already acquired a remarkable position in graph theory
research. Its immense applications in the chemical field and its exciting mathematical
computations attract the attention of numerous researchers. For the last few decades, there is a
rapid increase in the study of topological indices. There are numerous results available in the
literature.
Graph theory has an inevitable role in chemistry research since the structural formulas
of covalently bonded compounds are graphs [1]. Topological indices are numerical values
associated with such structural formulas. Initially, the information from topological indices was
only used to obtain data regarding atom connectivity or molecular constitution. They could
model different properties of saturated hydrocarbons that depended on molecular branchings,
such as boiling point, molar refractivity, etc. Further researches have used topological indices
to identify the nature of atoms and the bond multiplicity [5-23]. Its ability to model the
biological activities of compounds made it useful in drug discovery. Moreover, it has pushed
the research in topological indices research to higher levels [16]. Numerous topological indices
have been proposed with respect to the degree of the vertices, eccentricity of the graph,
chromatic number, etc. For many of them, its correlation between compounds' physicochemical
or biological properties is yet to be found [7,17,20].
Zagreb indices are some of the oldest topological indices. They were introduced by
Gutman and Trinajstić while studying the dependence of total π- electron energy on molecular
structure [8]. For a graph G, the first and second Zagreb indices are 𝑀1 (𝐺 ) = ∑𝑢∈𝑉(𝐺) 𝑑(𝑣)2
and 𝑀2 (𝐺 ) = ∑𝑢𝑣∈𝐸(𝐺) 𝑑 (𝑢)𝑑(𝑣), respectively, where d(v) is the degree of vertex v in G [25].
A new graph invariant called the third Zagreb index was introduced in 2011. It is defined as
𝑀3 (𝐺 ) = ∑𝑢𝑣∈𝐸(𝐺) |𝑑 (𝑢) − 𝑑 (𝑣 )| [4].
https://nanobioletters.com/
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In 2008, Tomislav Došlić considered the contributions of nonadjacent pairs of vertices
and proposed the idea of coindices. The first and second Zagreb coindices [3] are defined as,
̅̅̅̅̅̅̅̅
𝑀1 (𝐺 ) = ∑𝑢𝑣∉𝐸(𝐺) 𝑑 (𝑢) + 𝑑(𝑣)
and ̅̅̅̅̅̅̅̅
𝑀2 (𝐺 ) = ∑𝑢𝑣∉𝐸(𝐺) 𝑑(𝑢)𝑑(𝑣), respectively.
The third Zagreb coindex was introduced in a similar way and is defined as ̅̅̅̅̅̅̅̅
𝑀3 (𝐺 ) =
∑𝑢𝑣∉𝐸(𝐺) |𝑑 (𝑢) − 𝑑 (𝑣 )| [4].
In this paper, we define Zagreb radio indices and coindices and find some relations
connecting them. These indices are analogous to the Zagreb indices, where the radiolabeling
of the vertices replaces the degree of the vertices.
Radio-labeling of a graph G is a function c from the vertex set of G to the set of natural
numbers such that |c(u) − c(v)| ≥ diam(G) + 1 − d(u, v), where diam(G) is the diameter of
the graph G and d(u,v) is the distance between u and v [2]. The largest label used by c is called
the span of c, and the smallest span among all possible radio labelings c is the radio number of
the graph, denoted by rn(G).
2. The Zagreb Radio Indices
The First and second Zagreb radio indices are defined as follows.
Definition 2.1.

The First Zagreb Radio Index of a graph G, 𝑀𝑅1 (𝐺), is defined as the infimum of the
set
∑uvϵE(G)(c(u) + c(v))
where c is the radiolabeling having a span equal to the radio number of the graph.
i.e., MR1(G) = inf

{∑

(c(u) + c(v)) where c-span(G) is rn(G).

uvϵE(G)

}

Definition 2.2.

The Second Zagreb Radio Index of a graph G, MR2(G), is defined as the infimum of
the set
∑ (c(u)c(v))
uvϵE(G)

where c is the radiolabeling having span equal to the radio number of the graph.
i.e., MR2(G) = inf

{∑

(c(u)c(v)) where c-span(G) is rn(G).

uvϵE(G)

}

Defenition 2.3.

̅𝑅1 (G), is defined as the infimum of the set
The First Zagreb coindex of a graph G, , 𝑀
∑uv ∉E(G)(c(u) + c(v))
where c is the radiolabeling having a span equal to the radio number of the graph.
̅𝑅1 (G) = inf
i.e., 𝑀
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Defenition 2.4.

̅𝑅2 (G), is defined as the infimum of the
The Second Zagreb coindex of a graph G, , 𝑀
set
∑𝑢𝑣 ∉𝐸(𝐺)(c(u)c(v))
where c is the radiolabeling having span equal to the radio number of the graph.
̅𝑅2 (G) = inf
i.e., 𝑀

{∑

𝑢𝑣∉𝐸(𝐺)

(c(u)c(v)) where c-span(G) is rn(G).

}

We compute the first and the second Zagreb radio coindex of some standard graphs.
Theorem 2.1.

The first Zagreb radio coindices of the star graphs, complete bipartite graphs, wheels
graphs and gear graphs are
3 −3𝑛2 +2𝑛

i.

̅𝑅1 (𝑆𝑛 ) = 𝑛
𝑀

ii.

̅𝑅1 (𝐾𝑚,𝑛 ) =
𝑀

iii.

̅𝑅1 (𝑊𝑛 ) =
𝑀

iv.

̅𝑅1 (𝐺𝑛 ) =
𝑀

2
2𝑛3 +(4𝑚+4)𝑛2 −4(4𝑚+6)𝑛+(2𝑚3 −2𝑚)
4

𝑛3 −2𝑛2 −3𝑛

) (n ≥ 5)

2
32𝑛3 −11𝑛2 −73𝑛+42
2

) (n ≥ 7)

Proof. The first Zagreb radio coindex is the infimum of the set ∑uv ∉E(G)(c(u) + c(v))
where c is the radiolabeling having a span equal to the radio number of the graph. Hence to
prove the theorem, we need to find the labeling that leads to the required infimum.
i.
Star Graphs (Sn)
Consider the star graph 𝑆𝑛 on n vertices. Label the peripheral vertices from 1 to (n-1)
and the central vertex with rn(𝑆𝑛 ) = n+1. Clearly, this is a radiolabeling of 𝑆𝑛 with span=
rn(𝑆𝑛 )
Consider ∑𝑢𝑣 ∉𝐸(𝑆 )(c(u) + c(v))
𝑛

To find the sum, it is enough to add the label of each vertex, v, (n-1-d(v)) times.
Hence, ∑𝑢𝑣 ∉𝐸(𝑆 )(c(u) + c(v)) =

𝑛3 −3𝑛2 +2𝑛

𝑛

2

̅𝑅1 (𝑆𝑛 ) ≤
By the definition of the first Zagreb radio coindex 𝑀
̅𝑅1 (𝑆𝑛 ) < 𝑛
If 𝑀

𝑛3 −3𝑛2+2𝑛
2

.

3 −3𝑛2 +2𝑛

2

, then there should be another labeling c ≠ c such that the sum

from c' is strictly less than the sum from c. Since we consider all the labels with a span equal
to the radio number of the graph and c ≠ c assigns 1 to the central vertex and the peripheral
vertices receive a label from 3 to n+1. But this sum is strictly greater than the sum by c since n
and n+1 are contributing to the sum instead of 1 and 2. Hence,
̅𝑅1 (𝑆𝑛 ) = 𝑛
𝑀
ii.

3 −3𝑛2 +2𝑛

2

Complete Bipartite Graphs (Km,n)
Let X and Y be the partite sets of the complete bipartite graph 𝐾𝑚,𝑛 with |X| = m≥ n =

|Y|.
Consider the labeling c. The vertices in X receive labels from 1 to m and the vertices in
the second partite set, Y, receive labels from m+2 to m+n+1. But the radio number of 𝐾𝑚,𝑛 is
https://nanobioletters.com/
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m+n+1. The vertices in the same partite set receives consecutive labellings since d(u,v) =
diam(𝐾𝑚,𝑛 ) where u,v ϵ X or u,v ϵ Y. According to the definition of first Zagreb radio coindex
label of each vertex, v should be added (m+n-1-d(v)) times. Since this is a radiolabelling of
𝐾𝑚,𝑛 with span = rn(𝐾𝑚,𝑛 ),
̅𝑅1 (𝐾𝑚,𝑛 ) ≤ 2𝑛
𝑀
̅𝑅1 (𝐾𝑚,𝑛 ) <
Assume if possible 𝑀

3 +(4𝑚+4)𝑛2 −4(4𝑚+6)𝑛+(2𝑚3 −2𝑚)

4
2𝑛3 +(4𝑚+4)𝑛2−4(4𝑚+6)𝑛+(2𝑚3−2𝑚)
4

. Then there exist

another labeling c′ ≠ c having span =rn(𝐾𝑚,𝑛 ) and ∑𝑢𝑣 ∉𝐸(𝐾

𝑚,𝑛 )

∑𝑢𝑣 ∉𝐸(𝐾

𝑚,𝑛 )

c′(u)c′(v) <

c(u)c(v). Since c' has a span equal to the radio number, it cannot assign labels

alternatively to vertices in X and Y. Also, since c′ ≠ c, c′ will be assigning labels 1 to n in Y
and n+2 to n+m+1 in X. But ∑𝑢𝑣 ∉𝐸(𝐾 ) c′(u)c′(v) > ∑𝑢𝑣 ∉𝐸(𝐾 ) c(u)c(v) since m+1 is
𝑚,𝑛

𝑚,𝑛

contributing to the sum instead of n+1 and m>n. Hence,
̅𝑅1 (𝐾𝑚,𝑛 ) = 2𝑛
𝑀
iii.

3 +(4𝑚+4)𝑛2 −4(4𝑚+6)𝑛+(2𝑚3 −2𝑚)

4

Wheel Graphs (Wn)

Let the wheel graph 𝑊𝑛 be on n+1 vertices and n ≥ 5. Label the peripheral vertices with
labels 1 to n alternatively. The central vertex receives the label n+2, which is the radio number
of the graph. According to the definition of the first Zagreb radio coindex, the order of the
labels on the cycle will not affect the optimality of the sum, and the central vertex having the
maximum label will not contribute to the sum. Hence this labeling gives the required infimum.
Every vertex of 𝑊𝑛 on the cycle has (n-3) nonadjacent vertices. Therefore first Zagreb radio
coindex of 𝑊𝑛 is the sum of (n-3) times each label of the vertices on the cycle. Hence,
̅𝑅1 (𝑊𝑛 ) = 𝑛
𝑀
iv.

3 −2𝑛2 −3𝑛

2

)

Gear Graphs (Gn)

Consider the gear graph 𝐺𝑛 ) on 2n+1 vertices and n ≥ 7. Let us consider the following
labeling. Label the central vertex, u, with 1 and the peripheral vertices, 𝑣1 , 𝑣,..., 𝑣𝑛 , with labels
4 to (n+3) alternatively. The vertex 𝑤1 such that d( 𝑣𝑛 , 𝑤1 ) = 3 receives the label n+5. Rest of
the vertices, 𝑤1 , 𝑤2 ,..., 𝑤𝑛 , get the labels n+8, n+11,...,4n+2. First, let us prove that this is a
radiolabeling. Clearly |c(u) - c(𝑣𝑖 )| ≥ 5 - d(u,𝑣𝑖 ) = 3. Consider |c(u) - c(𝑤𝑖 )| ≥ |(n+5)-1| = n+4 >
5 - d(u, 𝑤𝑖 )=4. Since 𝑣𝑖 s are peripheral vertices, and every alternate vertex is at a diametric
distance; they are receiving consecutive labels. Now consider 𝑣𝑖 and 𝑤𝑖 , |c(𝑣𝑖 )-c(𝑤𝑖 )| ≥ |(n+5)(n+3)| = 2. Clearly for each 𝑣𝑖 there exist a 𝑤𝑖 at a distance 3. Hence this satisfies the condition
for radiolabelling. Now for 𝑤𝑖 , the distance between 𝑤𝑖 and 𝑤𝑗 is 2 𝑽𝑖𝑗 and label difference is
https://nanobioletters.com/
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greater than or equal to 3. Hence the above labeling is radiolabelling. Now let us prove that this
is the optimum labeling. The central vertex and each of the peripheral vertices have n
nonadjacent vertices. So the label of those vertices will be added n times, and the label of the
rest of the vertices will be added (n-1) times since they have (n-1) nonadjacent vertices. To
optimize the sum, the vertices having n nonadjacent vertices should get the minimum possible
labels. Hence,
̅𝑅1 (𝐺𝑛 ) = 32𝑛
𝑀

3 −11𝑛2 −73𝑛+42

2

)

Corollary 2.1.
Let 𝑆𝑛 be a star graph on n vertices and 𝐺𝐾𝑛−1 be a complete graph on n-1 vertices,
then
̅𝑅1 (𝑆𝑛 )= 𝑀
̅𝑅1 (𝐾𝑛−1 ).
𝑀
Theorem 2.2.

The second Zagreb radio coindices of the star graphs and the complete bipartite graphs
are:

i.

i.

̅𝑅2 (𝑆𝑛 ) = 3𝑛
𝑀

ii.

̅𝑅2 (𝐾𝑚𝑛 ) =
𝑀

4 −10𝑛3 +9𝑛2 −2𝑛

24
3𝑛4 +(12𝑚+14)𝑛3+(12𝑚2 +24𝑚+9)𝑛2 −(12𝑚2 +36𝑚+26)𝑛+(3𝑚4 +2𝑚3 −3𝑚2−2𝑚)
24

Proof
Star Graphs (Sn)

For star graph 𝑆𝑛 , consider the labeling given in the proof of Theorem 2.1. This labeling
gives the required infimum since the central vertex will not contribute to the sum. Referring to
the definition of the second Zagreb radio coindex, the label of each vertex should be multiplied
by the label of vertices that are not adjacent to it.
̅𝑅2 (𝑆𝑛 ) = ∑𝑛−2
𝑀
𝑖=1 𝑖
4

)
𝑖(𝑖+1)
(𝑛(𝑛−1
− 2 )
2
3

2

= 3𝑛 −10𝑛24+9𝑛 −2𝑛
ii.

Complete Bipartite Graphs (Km,n)
The labeling mentioned in the proof of Theorem 2.1 helps us get the required infimum

for a complete bipartite graph since m ≥ n and the label of each vertex are multiplied with the
labels of the rest of the vertices in the partition set.
̅𝑅2 (𝐾𝑚𝑛 ) = 1(2+3+...+3)+2(3+4+...+m) +...+(m-1)m + (m+2)(m+3+m+4+...+m+n+1) +
𝑀
(m+3)(m+4+m+5+...+m+n+1)+...+(m+n)(m+n+1)
= ∑𝑚−1
𝑖=1 𝑖
=

)
𝑖(𝑖+1)
(𝑚+𝑛+2)(𝑚+𝑛+1)
𝑖 (𝑖+1)
(𝑚(𝑚+1
− 2 + ∑𝑚+𝑛
− 2
𝑖=𝑚+2 𝑖 (
2
2

3𝑛4+(12𝑚+14)𝑛3+(12𝑚2+24𝑚+9)𝑛2−(12𝑚2 +36𝑚+26)𝑛+(3𝑚4 +2𝑚3−3𝑚2 −2𝑚)
24

Corollary 2.2.

Let 𝑆𝑛 be a star graph on n vertices and 𝐾𝑛−1 be a complete graph on n-1 vertices, then
̅𝑅2 (𝑆𝑛 )= 𝑀
̅𝑅2 (𝐾𝑛−1
𝑀

https://nanobioletters.com/
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3. The Third Zagreb Radio Index and Coindex
Definition 3.1.

The third Zagreb Radio Index of a graph G, 𝑴𝑹𝟑 (𝑮), is defined as the infimum of the
set ∑𝒖𝒗 ∈𝑬(𝑮) |𝒄(𝒖) − 𝒄(𝒗)|, where c is the radiolabeling having span equal to the radio number
of the graph.
i. e. , 𝑴𝑹𝟑 (𝑮) = 𝒊𝒏𝒇{∑𝒖𝒗 ∈𝑬(𝑮) |𝒄(𝒖) − 𝒄(𝒗)|𝐰𝐡𝐞𝐫𝐞 𝐜 − 𝐬𝐩𝐚𝐧 𝐢𝐬 𝐫𝐧(𝐆). }
Definition 3.2.

The third Zagreb Radio Coindex of a graph G, ̅̅̅̅̅̅̅̅
𝑴_𝑹𝟑(𝑮), is defined as the infimum of
the set ∑𝒖𝒗 ∉𝑬(𝑮) |𝒄(𝒖) − 𝒄(𝒗)|, where c is the radiolabeling having span equal to the radio
number of the graph.
̅̅̅̅̅̅̅̅(𝑮) = 𝒊𝒏𝒇{∑𝒖𝒗 ∉𝑬(𝑮) |𝒄(𝒖) − 𝒄(𝒗)|𝐰𝐡𝐞𝐫𝐞 𝐜 − 𝐬𝐩𝐚𝐧 𝐢𝐬 𝐫𝐧(𝐆). }
i.e., 𝑴_𝑹𝟑
We compute the third Zagreb index of some standard graphs.
Theorem 3.1.

The third Zagreb radio indices of the complete graphs, star graphs, complete bipartite
graphs and wheel graphs are:
𝒏𝟑 −𝒏

i.

𝑴𝑹𝟑 (𝑲𝒏 ) =

ii.

𝑴𝑹𝟑 (𝑺𝒏 ) =

iii.

𝑴𝑹𝟑 (𝑲𝒎,𝒏 ) =

iv.

𝑴𝑹𝟑 (𝑾𝒏 ) =

𝟔
𝒏𝟐 +𝒏−𝟐
𝟐
𝒎𝒏𝟐 +(𝒎𝟐+𝟐𝒎)𝒏
𝟐

𝒏𝟐 +𝟏𝟏𝒏−𝟏𝟔
𝟐

Proof.
i.

Complete Graphs (Kn)

Since the diameter of a complete graph is 1, by the definition of radiolabelling,
complete graphs admit consecutive radiolabeling. Hence,
𝑴𝑹𝟑 (𝑲𝒏 ) = |𝟏 − 𝟐| + |𝟏 − 𝟑| + ⋯ + |𝟏 − 𝐧| + |𝟐 − 𝟑|
+ |𝟐 −
𝟒| + ⋯ + |𝟐 − 𝐧| + ⋯ + |(𝐧 − 𝟏) − 𝐧|
= ( 𝟐 − 𝟏 ) + ( 𝟑 − 𝟏 ) + ⋯ + ( 𝐧 − 𝟏 ) + ( 𝟑 − 𝟐 ) + (𝟒 − 𝟐 ) + ⋯ + ( 𝐧 − 𝟐 )
+ ⋯ + (𝐧 − (𝐧 − 𝟏))

https://nanobioletters.com/
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𝒏−𝟏

𝒏−𝟏

= ∑ 𝒊(𝒊 + 𝟏) + ∑ −𝒊(𝒏 − 𝒊) =
𝒊=𝟏

ii.

𝒊=𝟏

𝒏𝟑 − 𝒏
𝟔

Star Graphs (Sn)

Let us consider the star graph 𝑺𝒏 on n vertices. Any labeling with a span equal to the
radio number leads to the same result as we are considering the sum of the difference of the
labels of the adjacent vertices. Let us consider the labeling where the central vertex receives 1,
and the rest of the vertices get labels from 3 to n+1. The label differences will be 2,3,…,n.
Hence,
𝑴𝑹𝟑 (𝑺𝒏 ) =
iii.

𝒏𝟐 +𝒏−𝟐
𝟐

Complete Bipartite Graphs (Km,n)

As mentioned above, any labeling with span equals the radio number of the complete
bipartite graph 𝑲𝒎,𝒏 leads to the same result as we are considering the sum of the difference of
the labels of the adjacent vertices. Let us consider that the labeling starts with the partite set
having more vertices. By definition, n times the sum of the labels of the partite set having more
vertices added to m times the sum of the labels of the second partite set leads to the required
result. Hence,
𝑴𝑹𝟑(𝑲𝒎,𝒏 ) =
iv.

𝒎𝒏𝟐 + (𝒎𝟐 + 𝟐𝒎)𝒏
𝟐

Wheel Graphs (Wn)

Consider the wheel graph 𝑾𝒏 on n+1 vertices. Since adjacent vertices cannot have
consecutive labels, let us arrange the labels at a difference 2 as follows.
When n is odd
Label the vertices on the cycle with numbers 1,3,5,...,n and 2,4,6,...,n-1 continuously.
The difference between the labels of the adjacent vertices will be 2 except the label n-1 will be
adjacent to label 1 and n will be adjacent to 2. The central vertex, adjacent to all the vertices
on the cycle, receives the label n+2.
Therefore, 𝑴𝑹𝟑 (𝑾𝒏 ) =
2)+...+(n+2-n) =

𝟐(𝒏−𝟏)
𝟐

+

𝟐(𝒏−𝟑)
𝟐

++(n-1-1)+(n-2) +(n+2-1)+(n+2-

𝒏𝟐 +𝟏𝟏𝒏−𝟏𝟔
𝟐

When n is even
Label the vertices on the cycle with numbers 1,3,5,...,n-1 and 2,4,6,...,n continuously.
The difference between the labels of the adjacent vertices will be 2 except the label n will be
adjacent to label 1 and n-1 will be adjacent to 2. The central vertex, adjacent to all the vertices
on the cycle, receives the label n+2.
https://nanobioletters.com/
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Therefore, 𝑴𝑹𝟑 (𝑾𝒏 ) =
2)+...+(n+2-n) =

𝟐(𝒏−𝟏)
𝟐

+

𝟐(𝒏−𝟑)
𝟐

++(n-1-2)+(n-1) +(n+2-1)+(n+2-

𝒏𝟐 +𝟏𝟏𝒏−𝟏𝟔
𝟐

Theorem 3.2.

The third Zagreb radio coindices of the star graphs, complete bipartite graphs, and
wheel graphs are:
𝟑

𝟐

𝒏
𝒏
𝒏
̅̅̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑺𝒏 ) = 𝟔 − 𝟐 + 𝟑

i.
ii.

𝒏
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑲𝒎,𝒏) =

𝟑 −𝒏+𝒎𝟑 −𝒎

𝟔

𝟒𝒌𝟑

iii.

̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑴
𝑹𝟑 (𝑾𝒏 ) = {

𝒌

− 𝟐𝒌𝟐 − 𝟑 𝒊𝒇 𝒏 = 𝟐𝒌

𝟑
𝟒𝒌𝟑
𝟑

−

𝟒𝒌

𝒊𝒇 𝒏 = 𝟐𝒌 + 𝟏

𝟑

Proof.
i.

Star Graphs (Sn)

Since the labels on the peripheral vertices are consecutive, any labeling with a span
equal to the radio number leads to the same result. Let us consider the labeling where the
peripheral vertices receive labels from 1 to n-1. By defining the third Zagreb radio coindex, we
have to consider the difference between the labels of each pair of peripheral vertices.
𝒏−𝟐
i.e ̅̅̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑺𝒏 ) = ∑𝒏−𝟐
𝒊=𝟏 𝒊(𝒊 + 𝟏) + ∑𝒊=𝟏 −𝒊(𝒏 − (𝒊 + 𝟏))

=
ii.

𝒏𝟑
𝟔

−

𝒏𝟐
𝟐

𝒏

+𝟑

Complete Bipartite Graphs (Km,n)

Now consider the complete bipartite graph 𝑲𝒎,𝒏 on m+n vertices. Since the labels of
the vertices in each partite set are consecutive, any labeling with a span equals the radio number
leads to the same result. Let us consider that the labeling starts with the partite set having more
vertices. By the definition of the third Zagreb radio coindex, the sum of the differences in the
vertices' labels in the respective partite sets leads to the required result.
𝒎−𝟏
Therefore, ̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑲𝒎,𝒏 ) = ∑𝒎−𝟏
𝒊=𝟏 𝒊(𝒊 +) + ∑𝒊=𝟏 −𝒊(𝒎 − 𝒊) +
𝒏−𝟏
∑𝒏−𝟏
𝒊=𝟏 𝒊(𝒎 + 𝒊 + 𝟐) + ∑𝒊=𝟏 −(𝒎 + 𝒊 + 𝟏)(𝒏 − 𝒊)

=

https://nanobioletters.com/
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iii.

Wheel Graphs (Wn)

In the case of the wheel graph 𝑾𝒏 , to minimize the sum, labels with a higher difference
should be adjacent. The central vertex should get the maximum label as it will not contribute
to the sum. Consider the following labeling.
Case 1: n=2k
Subcase 1: k is even
Choose any vertex on the cycle and label the vertex as 1. The numbers having maximum
difference with 1 are n and n-1. Hence, label the vertices adjacent to 1 with n and n-1.
The labels having maximum difference with n and n-1 are 2 and 3. Since (n-2)+((n-1)3)=(n-3)+((n-1)-2), 2 or 3 can be adjacent to any of n and n-1. Let 2 be adjacent to n, and 3 be
adjacent to n-1. Continuing like this, the last 3 vertices will end up with labels k+1, k, and k+2.
Since k and k+2 cannot be adjacent to k+1, swap the labels k-2 and k, resulting in the required
labeling. From the labeling, the labels 1 to k are adjacent to numbers with greater magnitude,
and the rest are adjacent to numbers with a magnitude less than them. Hence,
𝒌

̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑(𝑾𝒏 ) = ∑ −𝒊(𝒏 − 𝟑 − (𝒊 − 𝟏))
𝒊=𝟏
𝒌−𝟏

+ ∑ 𝒊(𝒊 + 𝟏)
𝒊=𝟏
𝒌−𝟏

+ ∑ −(𝒌 + 𝒊) (𝒏 − 𝟑 − (𝒌 + (𝒊 − 𝟑)))
𝒊=𝟏
𝒌

+ ∑(𝒌 + 𝒊 − 𝟑)(𝒌 + 𝒊)
𝒊=𝟏

=

𝟒𝒌𝟑
𝒌
− 𝟐𝒌𝟐 −
𝟑
𝟑

Subcase 2: k is odd
Label as in Subcase 1. The last three will end up with labels k-1, k+1, and k. Since k1 and k+1 cannot be adjacent to k, swap the labels k+1 and k+3. Computation leads to the same
result as in Subcase 1.
Case 2: n=2k+1
Labeling like in Case 1, we will end up with labels k+1 and k+2 together. Swap the
labels k+1 and k-1. In this case, labels from 1 to k are adjacent to numbers having greater
magnitude, k+1 is adjacent to a number having greater magnitude, and another has a magnitude
less than that, and the numbers k+2 to n are attached to numbers having a magnitude less than
them. Thus,
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𝒌

̅̅̅̅̅̅̅̅̅̅̅̅̅
𝑴
𝑹𝟑 (𝑾𝒏 ) = ∑ −𝒊(𝒏 − 𝟑 − (𝒊 − 𝟏))
𝒊=𝟏
𝒌−𝟏

+ ∑ 𝒊(𝒊 + 𝟏) + (𝒌 − 𝟏)(𝒌 + 𝟏) − (𝒌 + 𝟏)(𝒏 − 𝒌 − 𝟐)
𝒊=𝟏
𝒌−𝟏

+ ∑ −(𝒌 + (𝒊 + 𝟏))(𝒏 − 𝟑 − (𝒌 + (𝒊 + 𝟏) − 𝟑))
𝒊=𝟏
𝒌

+ ∑(𝒌 + (𝒊 + 𝟏) − 𝟑)(𝒌 + 𝒊 + 𝟏) =
𝒊=𝟏

𝟒𝒌𝟑 𝟒𝒌
−
𝟑
𝟑

4. Relations for Zagreb Radio Indices and Coindices
If G is a self-complementary graph, then
̅𝑅1 (𝐺) = 𝑀
̅𝑅1 𝐺̅ ).
𝑀𝑅1 (𝐺̅ ) = 𝑀
Theorem 4.1.

Let G be a graph with n vertices such that r < r', where r and r' are the radio numbers of
G and 𝐺̅ respectively. Then
r′(r′+1)
𝑀𝑅1 (𝐺̅ ) < (n-1)
- 𝑀𝑅1 (𝐺)
(1)
2
r(r+1)

̅̅̅̅̅̅̅̅̅̅
𝑀𝑅1 (𝐺) ≤ (n-1) 2
̅̅̅̅̅̅̅̅̅̅
𝑀
(𝐺̅ ) > 𝑀 (𝐺)
𝑅1

- 𝑀𝑅1 (𝐺)

𝑅1

(2)
(3)

Proof. By the definition of the first Zagreb radio index
𝑀𝑅1 (𝐺̅ ) = ∑𝑢𝑣∊ 𝐸(𝐺̅ ) c′ (u) + c′(v)
=𝑑′1 c'(𝑣1 ) + 𝑑′2 c'(𝑣2 ) + … + 𝑑′n c'(𝑣n )
= (n-1- 𝑑1 ) c'(𝑣1 ) + (n-1- 𝑑2) c'(𝑣2 ) + … (n-1- 𝑑n ) c'(𝑣n )
= (n-1) (c'(𝑣1 ) + c'(𝑣2 ) … + c'(𝑣n )) – ( 𝑑1 c'(𝑣1 ) + 𝑑2 c'(𝑣2 ) + …+ 𝑑n c'(𝑣n ))
≤ (n-1)
< (n-1)

r′(r′+1)
2
r′(r′+1)
2

– ( 𝑑1 c'(𝑣1 ) + 𝑑2 c'(𝑣2 ) + …+ 𝑑n c'(𝑣n ))
- 𝑀𝑅1 (𝐺)

Inequality holds since r < r', 𝑑′i is the degree of 𝑖 𝑡ℎ vertex in 𝐺̅ and c' is the
radiolabelling of 𝐺̅ . Hence (1) holds.
Again by the definition of the first Zagreb radio coindex,
̅̅̅̅̅̅̅̅̅̅
̅
𝑀
𝑅1 (𝐺 ) = ∑𝑢𝑣∉𝐸(G) c (u) + c(v)
=∑𝑢𝑣∊ 𝐸(𝐺̅ ) c (u) + c(v)
= 𝑑′1 c(𝑣1 ) + 𝑑′2 c(𝑣2 ) + … + 𝑑′n c(𝑣n )
= (n-1) (c(𝑣1 ) + c(𝑣2 ) … + c(𝑣n )) – ( 𝑑1 c(𝑣1 ) + 𝑑2 c(𝑣2 ) + …+ 𝑑n c(𝑣n ))
≤ (n-1)
= (n-1)

r(r+1)
2
r(r+1)
2

– ( 𝑑1 c(𝑣1 ) + 𝑑2 c(𝑣2 ) + …+ 𝑑n c(𝑣n ))
- 𝑀𝑅1 (𝐺)

Hence (2) holds. Result (3) is immediate from the definition since r < r'. Hence the
proof.
https://nanobioletters.com/
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Corollary 4.1.

Let G be a graph on n vertices. Then,
r′(r′+1)
𝑀𝑅1 (𝐺̅ ) = (n-1)
- 𝑀𝑅1 (𝐺) if and only if G is a self-complementary graph
2
admitting consecutive radiolabelling.
Corollary 4.1.

Let G be a graph on n vertices. Then,
r(r+1)
̅̅̅̅̅̅̅̅̅̅
𝑀
- 𝑀𝑅1 (𝐺) if and only if G admits consecutive radio labelling.
𝑅1 (𝐺) = (n-1)
2

Theorem 4.2.

Let G be a graph on n vertices with r < r', where r and r' are the radio numbers of G and
̅ respectively. Then
𝑮
̅ ) < 𝑴𝑹𝟐(𝑲𝒓′ ) − 𝑴𝑹𝟐 (𝑮)
𝑴𝑹𝟐 (𝑮
̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟐 (𝑮) < 𝑴𝑹𝟐(𝑲𝒓′ ) − 𝑴𝑹𝟐

(4)
(5)

̅̅̅̅̅̅̅̅̅̅
̅ ) > 𝑴𝑹𝟐(𝑮)
𝑴𝑹𝟐 (𝑮

(6)

Proof.
Consider the graph G having vertices 𝒗𝟏 , 𝒗𝟐 ,… , 𝒗𝒏 . Let c and c' be the optimum radio
̅ respectively. Then,
labelings of G and 𝑮
𝒏−𝟏

∑
𝒊=𝟏

𝒏

∑ 𝒄′ (𝒗𝒊 )𝒄′ (𝒗𝒋 ) =

∑ 𝒄′(𝒖)𝒄′(𝒗) + ∑ 𝒄′(𝒖)𝒄′(𝒗)
̅)
𝒖𝒗∈𝑬(𝑮

𝒋=𝒊+𝟏

=

̅)
𝒖𝒗∉𝑬(𝑮

∑ 𝒄′(𝒖)𝒄′(𝒗) + ∑ 𝒄′(𝒖)𝒄′(𝒗)
̅)
𝒖𝒗∈𝑬(𝑮

𝒖𝒗∈𝐄(𝐆)

̅ ) + ∑𝒖𝒗∈𝐄(𝐆) 𝒄′(𝒖)𝒄′(𝒗)
=𝑴𝑹𝟐 (𝑮
̅ ) + 𝑴𝑹𝟐 (𝑮)
> 𝑴𝑹𝟐 (𝑮
(Since r'>r.) So,
𝒏−𝟏

̅ ) + 𝑴𝑹𝟐 (𝑮) < ∑
𝑴𝑹𝟐 (𝑮
𝒊=𝟏

𝒏

∑ 𝒄′ (𝒗𝒊 )𝒄′ (𝒗𝒋 ) ≤ 𝑴𝑹𝟐 (𝑲𝒓′ )
𝒋=𝒊+𝟏

where 𝑲𝒓′ is the complete graph on r' vertices, and the inequality holds since it has the radio
number r' and all vertices are adjacent to each other.
Therefore,
̅ ) < 𝑴𝑹𝟐 (𝑲𝒓′ ) − 𝑴𝑹𝟐 (𝑮)
𝑴𝑹𝟐 (𝑮
Hence the result. To prove the next inequality,
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̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟐 (𝑮) = ∑ 𝒄(𝒖)𝒄(𝒗)
𝒖𝒗∉𝐄(𝐆)

=

∑ 𝒄(𝒖)𝒄(𝒗)
̅)
𝒖𝒗∈𝑬(𝑮

<

∑ 𝒄′(𝒖)𝒄′(𝒗)
̅)
𝒖𝒗∈𝑬(𝑮

=𝑴𝑹𝟐 (𝑮)
Now from (4) we get (5). Hence the result. (6) is immediate from the definition of
second Zagreb radio coindex since r' > r.
Theorem 4.3.

̅ . If m ≥ m' then
Let G be a graph of order n and size m and let m' be the size of 𝑮
𝑴𝑹𝟑 (𝑮) > ̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑(𝑮)
Proof.
The result is true for 𝑲𝒏 for all n since ̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑲𝒏 ) = 𝟎.
Without loss of generality, assume that 𝑮 ≠ 𝑲𝒏 .
By the definition of the third Zagreb radio index,
𝑀𝑹3 (𝐺 ) =

∑

|𝒄(𝒖) − 𝒄(𝒗)|

𝒖𝒗 ∈𝑬(𝑮)

=∑𝒎
𝒊=𝟏 𝒂𝒊
where 𝒂𝒊 is the label difference of the end vertices of the 𝑖 𝑡ℎ edge.
By the definition of radiolabelling 𝒂𝒊 ≥diam(G).
Hence 𝑀𝑹3 (𝐺 ) ≥ 𝒎.diam(G).
Also, by the definition of the third Zagreb radio coindex,
̅̅̅̅̅̅̅̅(𝐺 ) =
𝑴_𝑹𝟑

∑

|𝒄(𝒖) − 𝒄(𝒗)|

𝒖𝒗 ∉𝑬(𝑮)

=∑𝒎′
𝒊=𝟏 𝒂𝒊
where 𝒂𝒊 is the label difference of the vertices which are not adjacent in G.
Since 𝑮 ≠ 𝑲𝒏, there exist at least one 𝒂𝒊 such that 𝒂𝒊 }< diam(G).
So by the assumption m ≥ m' and from (10) 𝑴𝑹𝟑 (𝑮) > ̅̅̅̅̅̅̅̅̅̅
𝑴𝑹𝟑 (𝑮).
5. Conclusions
Knowledge of the physio-chemical properties and biological properties of molecules
and compounds is vital in many studies. In neural networks, vaccine research, drug research,
and efficient and cost-effective methods are very much in need. In this context, the study of
molecules and compounds from the structural perspective is of great significance. Ever since
the introduction of topological indices, there is a huge sigh of relief. Researchers worldwide
https://nanobioletters.com/
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work collaboratively to find mathematically and using high power computing techniques the
correlation between topological properties and the actual properties of molecules and
compounds. We have introduced the Zagreb radio indices and the Zagreb radio coindices. We
hope the results obtained in this paper bring the structural studies and experimental studies
closer than ever.
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