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Abstract: We have multiple real numbers that describe chemical descriptors in the field of Graph
theory. These descriptors constitute the entire structure of a graph, which possesses an actual chemical
structure. Among these, the main focus of topological indices is that they are associated with many non-
identical physiochemical properties of chemical compounds. Also, the biological properties of chemical
compounds can be established by the topological indices. In this analysis, we compute the Reciprocal
Randic index(R™1), Reduced Reciprocal Randic index(RR™1), Atom-bond Connectivity index(4ABC)
and the geometric arithmetic index(GA) of thorn graphs are obtained theoretically.
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1. Introduction

We consider the connected graph ¢ = (V, E) with the cardinality of order p. Let S =
{al, a,,as, ...,ap} be the p number of non-negative integers. The thorn graph G, is acquired
from the graph G by joining a; number of pendent vertices to the vertex v; of G fori =
1,2, ...p. These fixed a; pendent vertices to the vertices v; of G are called thorns of G. Here
we represent the set of a; number of pendent vertices to the vertex v; of G by V,, k=
1,2,3,...,p. ThusV(Gs) = V(G) UV;(G) UV,(G) U V3(G) U ..U V,(G). In[1], Gutmanetal.,
introduced the concept of thorn graphs. Along, with this, they established many applications
related to chemistry [1, 2, 5-7].

The topological F; the index was introduced to foresee the various temperature of the
boiling point of hydrocarbons. There are two terms in the definition of F;. in [2], Gutman et
al., examined one of these terms, which is defined as follows.

Definition 1. Let ¢ = (V,E) be a connected graph and d,, denotes the degree of the

vertex p, then RR~1 the index is defined as,

RR™(G) = Z (dy — D(dg — 1)
P4EE(G)

https://nanobioletters.com/ 3305


https://nanobioletters.com/
https://doi.org/10.33263/LIANBS111.33053321
https://creativecommons.org/licenses/by/4.0/

https://doi.org/10.33263/LIANBS111.33053321

In this paper, we discuss one of the currently established modified descriptions of
Randic index, which is mentioned below.
Definition 2. Let G be the graph then the reciprocal randic index and is defined as

R1(G) = Z d,d,
PQEE(G)

A topological index is a numerical value obtained mathematically in a distinct and very
obvious manner from the given molecular graph. To design chemical compounds and its
physio-chemical properties, it is mostly used in theoretical chemistry.

Definition 3. The topological index called the Atom-bond connectivity (ABC) index
was introduced by Estrada et al., [2]. This index is defined as follows [1, 2]

dy+dg —2

ABC(G) = >
r=q

Pq€EE(G)

Definition 4. For a molecular graph G, the geometric-arithmetic (GA) index is defined
as [6]

2./d,d
GA(G) = Z P4
dy, +d,
PQEE(G)
2. Materials and Methods

We collect all the information’s and materials for our work digitally. The main focus
of this paper is to obtain topological indices of standard thorn graphs and some of its other
classes. Firstly, we identify the degree of each graph's vertices; later, we partition the edges of
the graph, which follow the same property to procure our results.

3. Results and Discussion

In this portion of the paper, we found results related to the Reciprocal Randic
index(R~1), Reduced Reciprocal Randic index(RR™1), Atom-bond Connectivity index(ABC)
and the geometric arithmetic index(GA) of thorn graphs and its special cases.

3.1. Degree-based indices for standard graphs and some classes of its thorn graphs.
3.1.1. The complete graph K,,.

A complete graph K, is a graph in which every pair of vertices is adjacent. The graph

a(a—1)

K, has a number of vertices with number of edges.

3.1.2. Thorn of the complete graph K,,.

The b-thorn complete graph K, ;, has a complete graph K, as the parent and (b — a)
thorns that is u; pendent vertices, i = 1,2, ..., b ateach vertex v; for i = 1,2, ..., a of K, where
(a,b > 2). The b-thorn complete graph K, ;, is regarded as the thorn graph (K,)s where S =

(uq, Uy, ..., Up). Then the number of vertices ofK, ,, isp = a + X°_;  w; and the number of

edgesare q = @ + Y2, 1w . The b-thorn complete graph K, , is shown in Figure 1.

https://nanobioletters.com/ 3306


https://doi.org/10.33263/LIANBS111.33053321
https://nanobioletters.com/

https://doi.org/10.33263/LIANBS111.33053321

Figure 1. Thorn complete graph K, ;.

Theorem 3.1. The reciprocal randic index of a thorn complete graph having (a + ba)
number of vertices is

R_I(Ka'b) = aibj ’(b] +a— 1) + ai(bj +a— 1)

Proof: Here, we independently examine the pair of vertices of K, between the pair of
vertices u; for i = 1,2,3,..., b of K, , along with the pair of vertices that belongs to K, and
otherwise degree 1 vertex. Let v,, v,, v3, ...., v, be the vertices of the complete graph K, where
i =2,34,..,aand let uy, u,, us, ..., u;, be a degree one vertices of K, wherej = 1,2,3, ...., b.
(As in Figure 1). Let d(v;) = (bj + a — 1) and d(w;) = 1. Then we have,

R (Kop) = Sii2h  A@AG) +3, @A)
=3 B Fa-DI+ZY, JOta-DEra-D
= a;b;/(bj +a—D +a /(b +a-D;+a-1)
= a;b; \/(bj-l-Tl)+ ai(bj+a—-1).

Theorem 3.2: The reduced reciprocal randic index of a thorn complete graph having
(a + ab) number of vertices is

RR™Y(Kyp) = a;(bj + a—2).

Proof: Here we independently examine the pair of vertices of K, between the pair of
vertices u; for i = 1,2,3,...,b of K, , along with the pair of vertices that belongs to K, and
otherwise degree 1 vertex. Let vy, v,, v3, ..., U, be the vertices of the complete graph K, where
i =234,..,aand let uy, u,,us, ..., u, be a degree one vertices of K, where j = 1,2,3, ...., b.
(As in Figure 1). Let d(v;) = (b; + a — 1) and d(;) = 1. Then we have,

RR™(Kop) =070 J@) — DAu) - D+38, @) — DEw) - D)

ai,bj

=21 JOita-DA-D+
i, Jhj+ta-1-Dbj+a—-1-1)
=0+a;/(bj+a—2)(bj+a—2)
= a;(b; +a—2).
Theorem 3.3: The Atom-bond connectivity index of a thorn complete graph having(a +
ab ) number of vertices is

_ o [®ra=n | [bi+2(a-2)
ABC(Kop)= albl«/ (bj+a-1) + al«/ (bj+a-1)?
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Proof: Here, we independently examine the pair of vertices of K, between the pair of
vertices u; fori = 1,2,3, ..., b of K, , along with the pair of vertices that belongs to K, and
otherwise degree 1 vertex. Let v,, v,, v3, ...., v, be the vertices of the complete graph K,
where i = 2,3,4,...,a and let u,, u,, us, ..., u; be a degree one vertices of K, wherej =
1,2,3,....,b. (Asin Figure 1). Let d(v;) = (b; + a — 1) and d(w;) = 1. Then we have,

_ yaibj d(up+d@)-2 a; d@)+dwi)—=2
ABC(Kap) =2y d(uj)-d(vi) =1 d(vi)-d(vy)
aybj W+(bj+a-1)-2 a; (bj+a-1)+(bj+a-1)-2
- z:i.j=1 (1)(bj+a-1) + Zi=1 (bj+a—1)(b;+a—1)
J J J
. (bj+a—2) 2bj+2(a-2)
(bj+a—1) ' Ly (bjra-1)2"

Theorem 3.4: The geometric-arithmetic index of a thorn complete graph having (a +

ab Ynumber of vertices is
2 /(b-+a—1)
GA(Kyp) = ash; Y——

Y"J (bj+a)

Proof: Here, we independently examine the pair of vertices of K, between the pair of

vertices u; for i = 1,2,3,...,b of K, , along with the pair of vertices that belongs to K, and

otherwise degree 1 vertex. Let vy, v,, v3, ...., v, be the vertices of the complete graph K, where

i =2,34,..,aand let uy, u,, us, ..., u;, be a degree one vertices of K, wherej = 1,2,3, ...., b.
(As in Figure.1). Let d(v;) = (b; + a — 1) and d(;) = 1. Then we have,

+ a;.

. 2 |d(vy)-d(uj) ) - -
GA(Kop) =507 S e, T

Lj=1 d(v)+d(uj) t=1 d()+d(vy)
. — By —1)2
_ Zai'bj 2 /(b,+a 1) N Zai 2 /(b,+a 1)
i,j=1 (bj+a) i=1 (bj+a—1+bj+a—1)
2 (bj+a—1)
=abj—F———+a;.
7 (bj+a)

3.1.3. A cog-complete graph K€,

K¢, is the graph formed from a complete graph K, (a = 2)of the vertex set
{vy, vy, v3, ...., v, } With the addition of b number of vertices such as {u,, u,, us, .....,u,} and
2b number of edges given by {wv;, wjviyqi:i =123, ..,aandj =123, .....,b}(vg4; =
v;), asshown in Figure 2.

We know that p(K€, ) = 2(a + b),q(K¢,) = a(a2+3).

up ug

Figure 2. Cog-Complete graph K¢,,.
3.1.4. A thorn cog-complete graph K¢,
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K¢ . is the cog-complete graph K¢, (a > 2) is obtained from Definition 3. , with 2b
number of additional vertices of degree 1 such as {w;,w,,ws,.....,wy,,} for k=
1,2,3,.....,2b and edges given by {wjwaj 1, ujwyi:i,j = 1,2,3, ....., b}, as shown in Figure 3.

Figure 3. Thorn Cog-Complete graph Kc*b,a.

Theorem 3.5: The reciprocal randic index of a thorn cog-complete graph having
(a + 3b) number of vertices is

R_l(Kc*b‘a) = Zaiqu (a + 1) + al-(a + 1) + 4‘b]bk

Proof: Here, we independently examine the pair of vertices of K, between the pair of
verticesu; for i = 1,2,3, ..., b of K¢, along with the pair of vertices that belongs to K, and
between the pair of vertices u;, fori = 1,2,3, ..., b of K¢, along with the pair of vertices degree
1 vertices of Kc*b,a. Let vy, vy, V3, ..., U, De the vertices of the complete graph K, where i =
2,3,4, ...,a and let u;, u,, us, ..., up be the addition of b number of vertices of K¢, where j =
1,2,3,....,b. Also, let wy, Wy, ..., Wy, k = 1,2,3,....,2b of K€ ,, be an additional 2b
number of degree 1 vertices of K¢, ,. (Asin Figure. 3). Letd(v;) = (a + 1), d(y;) = 4 and
d(wy) = 1. Then we have,

RK pa) = Seotl JA@)d@) + 30, Jdw)dw)+S et [du)dwe)
=3t JarDa+3E, S+ D+ D 1@
= q;bj\/4(a + 1) + a;y/(a + 1)(a + 1)+b;(2b;)2
= 2a;bj\/(a +1) + a;(a + 1) + 4bjby.

Theorem 3.6: The reduced reciprocal randic index of a thorn cog-complete graph
having (a + 3b) number of vertices is

RR_l(KC*b’a) = aibjm + ai(a).

Proof: Here, we independently examine the pair of vertices of K, between the pair of
verticesu; for i = 1,2,3, ..., b of K¢, along with the pair of vertices that belongs to K, and
between the pair of vertices u; fori = 1,2,3, ..., b of K¢, along with the pair of vertices degree
1 vertices of Kc*b,a. Let vy, vy, vs, ..., v, be the vertices of the complete graph K, where i =
2,34, ...,a and let uy, u,, us, ..., u;, be the addition of b number of vertices of K¢, where j =
1,2,3,....,b. Also, let wy,wy, ..., wqp, k = 1,2,3,....,2b of K¢, be an additional 2b
number of degree 1 vertices of K¢}, ,. (AsinFigure.3). Letd(v;) = (a + 1), d(u;) = 4 and
d(wy) = 1. Then we have,

https://nanobioletters.com/ 3309


https://doi.org/10.33263/LIANBS111.33053321
https://nanobioletters.com/

https://doi.org/10.33263/LIANBS111.33053321

RR(K ) = Y \/(d(vi) - D) - 1) + Z ) =12

+ Y @) - D) - 1

a;bj

¥ Ja@a+1-D@ -1+

i, J@+1-D(a+1-1)
b;2by

o JA=-DE-D
= aibjm + aim
= aibjm + a;(a).
Theorem 3.7: The Atom-bond connectivity index of a thorn cog-complete graph having
(a + 3b) number of vertices is

ABC(K o) = aih; -2 4 0, 2% + b, b3

4(a+1) a (a+1)

Proof: Here, we independently examine the pair of vertices of K, between the pair of
verticesu; for i = 1,2,3, ..., b of K¢, along with the pair of vertices that belongs to K, and
between the pair of vertices u; fori = 1,2,3, ..., b of K¢, along with the pair of vertices degree
1 vertices of Kc*b,a. Let vy, v,, V3, ..., U, De the vertices of the complete graph K, where i =
2,3,4, ...,a and let u;, u,, us, ..., up be the addition of b number of vertices of K¢, where j =
1,2,3,....,b. Also, let wy,wy, ..., wyp, k = 1,2,3,.....,2b of K¢, 4, be an additional 2b
number of degree 1 vertices of K, ,. (Asin Figure. 3). Letd(v;) = (a + 1), d(y;) = 4 and
d(wy) = 1. Then we have,

aibj d(v)+d(u;)-2 ai d(vp)+d(v)-2 , «bj.2bk d(uj)+d(wi)-2
ABC(K ba) Z‘J 1 d(wd(u;)) = d(vd(vy) +Zj'k=1 d(u;)dwi)
alb] a+1+4-— 2 (a+1)+(a+1)-2 2 b] 2by 4+1-2
lJ 1 4(a+1) (a+1)2 Jk=1 (1
’a+3 , 2a 3
albj m"‘ai m-l-b](Zbk) @

— aibj a+3 \/_ b bk\/_

4(a+1) ( +1)

Theorem 3.8: The geometric-arithmetic index of a thorn cog-complete graph having
(a + 3b) number of vertices is

GA(K b_a)—a (a+5)+a +—

Proof: Here we independently examine the pair of vertices of K, between the pair of
vertices u; for i = 1,2,3, ..., b of K¢, along with the pair of vertices which belongs to K, and
between the pair of vertices u; fori = 1,2,3, ..., b of K¢, along with the pair of vertices degree
1 vertices of Kc*b,a. Let vy, vy, v3, ..., U, be the vertices of the complete graph K, where i =
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2,34, ...,a and let uq, u,,us, ..., u, be addition of b number of vertices of K¢, wherej =
1,2,3,....,b. Also, let wy,wy, ..., Wy, k = 1,2,3,....,2b of K€, , be an additional 2b
number of degree 1 vertices of K¢, ,. (Asin Figure. 3). Letd(v;) = (a + 1), d(uj) = 4 and
d(w;) = 1. Then we have,

ai,bj 2 ,d(vl)d(u]) Zai 2 /d(vi)d(vi) +Zb]'2bk 2 d(uj)d(wk)

c* — S
GA(K b’a) - Zi’j=1 d(vp+d(uj) i=1 d(wp)+d ;) Jk=1 d(uj)+d(wk)

_ z:ai,bj 2./4(a+1) +Zai 2 /(a+1)(a+1) +ij,2bk 2,/4(1)
i=1

i,j=1 (a+1+4) (a+1)+(a+1) Jk=1 5)
_ 4./(a+1) 2y/(a+1)2 4
- aibj a+5 ta; 2a+2 + bj(Zbk) 5
_ 4,/ (a+1) 8b; by
= aibj a+s + a; + T

3.1.5. A cog-star graph S¢,,.

S¢, is the graph formed from a star graph S, (a = 4),of the vertex set
{vi, v, V3, ., Vg1, V. With the addition of (b—1) number of vertices such as
{uy,uy, usz, ..., up—4} and  2bnumber of edges given by {ujviﬂ,ujv”z:i =
1,23,..,aand j =123, ....,(b — 1)} (vay1 = v), as shown in Figure 4.
We know that p(§€,) = (a+ b —1),q(5¢,) =a+ 2b—3.

Up.q U4

uz

Figure 4. A Cog-Star graph S¢.
3.1.6. The thorn Cog-Star graph S ,.

S¢,is the graph formed from a star graph SS(a = 4),of the vertex set
{v1, V5, V3, ., Vg1, Uy Ug, Up, Ug, oo, Up—q} fOr i =1,23,...,aand j =123, ....,(b —
1)with the addition of 2(b — 1) number of vertices such as {wy, w,, s, .....,Wop_3, Wyp_»}
and edges given by {u;w,;_y, ujwy;:j = 1,2,3, ....., (b — 1)}, as shown in Figure 5.
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Figure 5. Thorn Cog-Star graph S¢°,.

Theorem 3.9: The reciprocal randic index of a thorn cog-star graph having

(a + 3(b — 1)) number of vertices is
R7Y(s¢,) = 2a;(b; — 1)V3 + a;/3(a — 1) + 4(b; — 1) (by — 1).

Proof: Here, we independently examine the pair of vertices of S, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of $¢, along with the pair of vertices that belongs to S,
and between the pair of vertices u; for j = 1,2,3,..., (b — 1) of §¢, along with the pair of
vertices degree 1 vertices of S¢ . Let vy, vy, Vs, ..., U, be the vertices of a star graph S, where
i ranges from 1,2,3,4, ...,a and let u,, u,, us, ..., u,_, be the addition of (b — 1) number of
vertices of S¢, wherej=123,...,(b—1). Also, let wy,w,,.... yWop_o, k =
1,2,3,....,(2b — 2) of S¢, be an additional (2b —2) number of degree 1 vertices of
S 4 (Asin Figure. 5). Letd(v,) = (a — 1), d(w;) = 4,d(v;) = 3,i € {2,34,.....,a} and
d(w;) = 1. Then we have,

RT(S,) =Se ) JAwpd@u) + 3,  Jdwd®)
bj—1,2b—2
sy NEIOHEIC)
=Zfi§f}’§f) JBR4+ X, m+2f,’,:fb"_2 J1®

= a;(b; — 1)\/4(3) + a;/(a — D(3)+(b; — 1)(2by — 2)2

Theorem 3.10: The reduced reciprocal randic index of a thorn cog-star graph having
(a + 3(b — 1)) number of vertices is

RR7Y(S",) = a;(bj — 1)V6 + a;y/2(a — 2).

Proof: Here, we independently examine the pair of vertices of S, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of S¢, along with the pair of vertices that belongs to S,
and between the pair of vertices u; for j = 1,2,3,..., (b — 1) of §¢, along with the pair of

https://nanobioletters.com/ 3312
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vertices degree 1 vertices of S¢° . Let vy, v,, vs, ..., 1, be the vertices of a star graph S, where
i ranges from 1,2,3,4,...,a and let u,, u,, us, ..., u,_, be the addition of (b — 1) number of
vertices of S¢, wherej=123,...,(b—1). Also, let w;,wy,.... JWop_o, k =
1,2,3,...,(2b — 2) of S, be an additional (2b —2) number of degree 1 vertices of
S¢ 4. (As in Figure. 5). Letd(v,) = (a — 1), d(u;) = 4,d(v;) =3,i € {2,34,.....,a} and
d(wy) = 1. Then we have,

RR-(5,) = st @) - nlaw) - 1)+
Y, Jdw)-Ddw) —-1)+

bj—l 2bg—-2

S @) - D) -1

= Z?iézj:) JB-DU-D+XY, J@-1-1DB-1)

bj—1,2by—2

3 et JA-D¢@-1)

= ai(bj - 1)\/3 + a;+/ 2(a - 2)

Theorem 3.11: The Atom-bond connectivity index of a thorn cog-star graph having
(a + 3(b — 1)) number of vertices is

ABC(S¢,) = a;(bj— 1) \/E +a; /ﬁqu —1)(b — V3.

Proof: Here, we independently examine the pair of vertices of S, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of 5¢, along with the pair of vertices that belongs to S,
and between the pair of verticesw; for j = 1,2,3,..., (b — 1) of §¢, along with the pair of
vertices degree 1 vertices of S¢",. Let vy, v,, vs, ..., 1, be the vertices of a star graph S, where
iranges from 1,2,3,4, ...,a and let uy, u,, us, ..., u,_, be the addition of (b — 1) number of
vertices of S¢, wherej=123,...,(b—1). Also, let wy;,w,,.... Wop_o, k =
1,2,3,....,(2b — 2) of S¢, be an additional (2b —2) number of degree 1 vertices of
S 4 (As in Figure. 5). Letd(vy) = (a — 1), d(w;) = 4,d(v;) = 3,i € {2,34,.....,a} and
d(wy) = 1. Then we have,

c ai,(bj—1) ’d(vi)+d(uj)—2
ABC(S ) Zl 2,j=1 d(yi)d(uj) +
d(v1)+d(vl-)—2+ij—1,2bk—2 d(uj)+d(wy)—-2
d(vy)d(v;) J k=1 d(u;)d(wy)
al (bj-1) 3+4— 2 (a-1+(3)-2 2 bj—1,2bk—2 44+1-2
l 2,j=1 3(4) 3(a-1) Jk=1 @)
=ab —1) [+ a |[—*—+(b. — 1)(2b, — 2) |=-

https://nanobioletters.com/ 3313
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= a;(b; — 1)\/7+al @D — 1) (b — DV3.

Theorem 3.12: The geometric-arithmetic index of a thorn cog-star graph having (a +
3(b — 1)) number of vertices is
GA(SS 0) = ay(by = 1) 22 + ¢ 22D 2 ey

Proof: Here, we independently examine the pair of vertices of S, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of $¢, along with the pair of vertices that belongs to S,
and between the pair of vertices u; for j = 1,2,3,..., (b — 1) of §¢, along with the pair of
vertices degree 1 vertices of S¢ . Let vy, v,, Vs, ...., v, be the vertices of a star graph S, where
i ranges from 1,2,3,4,...,a and let u,, u,, us, ..., u,_, be the addition of (b — 1) number of
vertices of S¢, wherej=123,...,(b—1). Also, let wy,w,,.... yWop_o, k =
1,2,3,....,(2b — 2) of S¢, be an additional (2b —2) number of degree 1 vertices of
S 4 (As in Figure. 5). Letd(v,) = (a—1), d(w) =4,d(v) =3,i =234, .....,aand
d(wy) = 1. Then we have,

GA SC aij, (b]_l) 2\ d(vl)d(uj) a; Zﬂd(vl)d(vl)
( ) Zl 2,j=1 (Ao +d(v:)

(dwp)+d(u;))) T L=z (d(w)+d ;)

L yPi12be2 Zwld(uj)d(wk)
Xjj=1

(d(uj)+d(wk))
_ @ai(bj-1) 3(3) 2y3(a-1)  ¢bj=12bk=2  2J1(4)
- Zi=z,j=1 (3+4) + Z ((a-1)+3) +Zj.k=1 (4+1)

= a;(b; —1)— +a; 228 o+ (b — 1) (25 - 2)

(a+2)

= q(b; — 1) A& (O NN NEICES 8(bj=1)(bk=1)

(7) Lo(at+2) 5
3.1.7. Thorn of wheel graph IW,.

The b-thorn wheel graph W, , has a wheel graph W, as the parent, and (b — 3) thorns
that are u; pendent vertices i = 1,2, ..., b, at each vertex v; for i = 1,2, ...,a of W, where
a,b > 3. The b-thorn wheel graph W, , is regarded as the thorn graph (W,)s where S =

(uq, Uy, ...., up). Then the number of vertices of W, isp = a + >b . wu;and the number
ofedgesare ¢ = 2(a—1)+ Y%, u; . The b-thorn wheel graph W, p is shown in Figure 6.
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Figure 6. Thorn Wheel graph W, ,.

Theorem 3.13: The reciprocal randic index of a thorn wheel graph having (a +

(a — 1)b) number of vertices is
R™Y(W,p) = a;bj/(b + 3) + a;(b + 3)+a; /(a — 1)(b + 3).

Proof: Here, we independently examine the pair of vertices of W, between the pair of
vertices u; for i = 1,2,3, ..., b of W, , along with the pair of vertices that belongs to W, and
otherwise degree 1 vertex. Let vy, v,,v3,....,v, be the vertices of wheel graph W, where
iranges from1,2,3,4,..,a and let u;,u,,us,...,u, be a degree one vertices of W,
wherej = 1,2,3,....,b. (As in Figure. 6). Let d(v;) = (b +3) fori=2,34,...a,d(v;) =
(a — 1) and d(u;) = 1. Then we have,

ai,bj a;
R(W,,) = /d(vi)d(u-) + Vd)d(v;)
’ i:;:l ' i=2

+Xit,  Vdw)dw)

ajb; a;
- Z ,/(b+3)1+z JO+3)b+3)
i=2,j=1 i=2

+¥, J@-1Db+3)

= a;bj\[(b + 3) + a;y/(b + 3)%*+a; /(a — 1)(b + 3)

= a;bj/(b +3) + a;(b + 3)+a; \/(a— 1)(b + 3)

Theorem 3.14: The reduced reciprocal randic index of a thorn wheel graph having (a +
(a — 1)b) number of vertices is
RR*(W,,) = a;(b +2) + ai/(a—2)(b + 2).
Proof: Here, we independently examine the pair of vertices of W, between the pair of
vertices u; for i = 1,2,3, ..., b of W, , along with the pair of vertices that belongs to W, and
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otherwise degree 1 vertex. Let vy, v,,vs,....,v, be the vertices of wheel graph W, where
iranges from1,2,3,4,..,a and let u;,u,,us,...,u, be a degree one vertices of W,
where j = 1,2,3, ....,b. (As in Figure. 6). Let d(v;) = (b+3) fori=234,...a,d(v;) =
(a — 1) and d(u;) = 1. Then we have,

apb; a;
RRT(Wep) = ) J @) - D) -+ ) /@) -1
i=2,j=1 i=2

SN ICICA RV CICHEEEY)

ai,bj a;
= Z Jor3-DA-D+> Jb+3-D?
i=2,j=1 =2

+¥i J@—-2)(b+3-1)

=a;(b+2) +an/(a—2)(b+2).

Theorem 3.15: The Atom-bond connectivity index of a thorn wheel graph having (a +
(a — 1)b) number of vertices is

- ,b+2 N2+2) / atb
ABC(Wa,b)_ale (b+3)+al (b+3) rai (a-1)(b+3)

Proof: Here, we independently examine the pair of vertices of W, between the pair of
vertices u; for i = 1,2,3, ..., b of W, along with the pair of vertices that belongs to W, and
otherwise degree 1 vertex. Let vy, v,,vs, ...., v, be the vertices of wheel graph W, where
iranges from1,2,3,4,...,a and let u;,u,,us,...,u, be a degree one vertices of W,
where j = 1,2,3, ....,b. (As in Figure. 6). Let d(v;) = (b+3) fori=234,...a,d(v;) =
(a — 1) and d(u;) = 1. Then we have,

_ @aibj d(w)+d(u;)-2 a; dw)+dw)-2  way d(vy)+d(v)—-2
ABC(W“"’)_ZL'=2J=1 d(wd(uj) = d)d(vy) i d(vy)d(v;)
+y

(a-1)+(b+3)-2

i‘b. —_ . —_ :
ayb; (b+3)+1 2+Za_L (b+3)+(b+3)-2 ¥

T 4ij=2,j=1 (1)(b+3) i=2 (b+3)2 (a-1)(b+3)

_ ’b+2 et a+b
= a;b; (b+3) + al\/(b+3)2 a‘\/(a—1)(b+3)
b+2

a;b; +a V2(b+2),

I @+3) T Tt (b+3)

' a+b
4 (a—1)(b+3)

Theorem 3.16: The geometric-arithmetic index of a thorn wheel graph having (a +
(a — 1)b) number of vertices is
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GA(Wap) = aib; 2Vb3) 4 a; + a 2y (a-D®d+3)

(b+4) (a+b+2)

Proof: Here, we independently examine the pair of vertices of W, between the pair of
vertices u;, fori = 1,2,3, ..., b of W, , along with the pair of vertices that belongs to W, and
otherwise degree 1 vertex. Let vy, v,, v, ...., v, be the vertices of wheel graph W, where
iranges from1,2,3,4,..,a and let u;,u,,us,...,u, be a degree one vertices of W,
where j = 1,2,3,....,b. (As in Figure. 6). Let d(v;) = (b +3) fori=2,34,...a,d(v;) =
(a — 1) and d(u;) = 1. Then we have,

ab; 2)Awod))  2/dEdD  2/AmDdw;
GA(Wa,b) — Zi=2’]j=1 N T Zaz v v +2?;2 v1)d(v;)

(dw)+d(u;)) i=2 (d@w)+dvy)) (d(vy)+d(vy))

aib; 24/1(b+3) i 2,/ (b+3)(b+3) i 2,/(a—=1)(b+3)
=Z J +Z?=2 )( +Z?=2 a—1)(

i=2,j=1 (b+3+1) ((b+3)+(b+3)) ((a-1)+(b+3))

_ 2,/(b+3) 2./(b+3)2 2/ (a-1)(b+3)
= aib; (b+4) ta 2(b+3) Ta (a+b+2)

_ ibj 2 (b+3)+ai + q 2./(a-1)(b+3)

(b+4) (a+b+2)
3.1.8. A Cog-Wheel graph W€ ,.

we, is the graph formed from a star graph W, (a = 4) of the vertex set
{vi, v, V3, ., Vg1, V. With the addition of (b—1) number of vertices such as
{uy, uy,usz, e, up_y}  and edges given by {uijl,uijz:i =123,..,aand j =
1,23, ....,(b — D}(way1 = v,), as shown in Figure 7.
We know that p(W€¢,) =(a+ b —1),q(W¢,) =2(a+ b — 2).

Up-1 uq

Figure 7. A Cog-Wheel graph W¢€,,.
3.1.9. The thorn cog-wheel graph W<’ ,.

we, is the graph formed from a WS (a = 4),of the wvertex set
{vi, V3, V3, e, Vgq, Vg Uy, Ug, Us,y oo U1} fOr i =1,2,3,...,aand j = 1,2,3,.....,(b —
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1) with the addition of 2(b — 1) number of vertices such as {wy, w,, Ws, ....., Wop_3, Wop_5}
and edges given by {u;w,;_1, ujwyj:j = 1,2,3,....., (b — 1)}, as shown in Figure 8.

W2b-2 W

Figure 8. The Thorn Cog-Wheel graph W<’ .

Theorem 3.17: The reciprocal randic index of a thorn cog-wheel graph having (a +
3(b — 1)) number of vertices is

RI(W¢,) = 2a;(bj — 1)V5 + a;/5(a — 1) + ;5 + 4(b; — 1) (b — 1).

Proof: Here we independently examine the pair of vertices of W, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of W, along with the pair of vertices that belongs to ¥,
and between the pair of vertices u; for j = 1,2,3,...,(b — 1) of W¢, along with the pair of
vertices degree 1 vertices of W€ . Let vy, v,, s, ...., v, be the vertices of wheel graph W,
where i ranges from 1,2,3,4, ...,a and let u,, u,, us, ..., u,_, be addition of (b — 1) number
of vertices of W¢, wherej =1,23,...,(b—1). Also, let wy,wy,.... JWop_o, k =
1,2,3,....,(2b — 2) of W€, be an additional (2b — 2) number of degree 1 vertices of
W€ ,. (AsinFigure.8). Letd(vy) = (a —1),d(w;) = 4(forj =12, .., (b — 1)),d(v) =
5(fori=2,34,....,a)and d(wy) = 1(for k = 1,2,3, ...... ,2(b — 1)). Then we have,

ai,(bj—l)

RTI(WE,) = S0 (@)@ +

5, J@e0) e, J(@w) +

bj—1,2bi—2

Y k=1 V@) (d(wy)

i'(b i—1) i i
= Z?:Z,j]=1 Vo(4) + z:?=2 V5(a— 1)"’2?:2 (5)2 +
bi—1,2by—2
N rTey

= a;(b; — 1)2V5 + a;y/(a — 1)5+a;5 + (b; — 1)(2by, — 2)2

= 2a;(bj — 1)V5 + a;/5(a — 1) + ;5 + 4(b; — 1) (b — 1).

https://nanobioletters.com/ 3318


https://doi.org/10.33263/LIANBS111.33053321
https://nanobioletters.com/

https://doi.org/10.33263/LIANBS111.33053321

Theorem 3.18: The reduced reciprocal randic index of a thorn cog-wheel graph having
(a + 3(b — 1)) number of vertices is

RR™Y (W€ ,) = 2a;(b; — 1)V3 + 2a;+/(a — 2) + 4a;.

Proof: Here we independently examine the pair of vertices of W, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of W€, along with the pair of vertices that belongs to W,
and between the pair of vertices u; for j = 1,2,3,..., (b — 1) of W€, along with the pair of
vertices degree 1 vertices of W€ ,. Let vy, vy, v3, ..., v, be the vertices of wheel graph W,
where i ranges from 1,2,3,4, ..., a and let uy, u,, us, ..., u,_4 be addition of (b — 1) number
of vertices of W€, wherej=1,23,...,(b—1). Also, let w;,w,,
1,2,3,...,(2b — 2) of W€ ,be an additional (2b —2) number of degree 1 vertices of
W€ ,. (AsinFigure. 8). Letd(v,) = (a — 1), d(u;) = 4(forj = 1,2, ..., (b — 1)),d(v;) =
5(fori=2,34,....,a)and d(wy) = 1(for k = 1,2,3, ....... ,2(b — 1)). Then we have,

ai,(bj—l)

RREWS )= Y @) - @) - v+ Y @) - DE@) - D
i=2

i=2,j=1

+ Xl V@) -D2+
bj—1,2b;—2

i @) - D@ -1

a;,(b;—1) a;
= ) JG-DG-D+) JEa-24
i=2,j=1 i=2

w3, @I+ R B3O

= 2a;(b; — 1)V3 + 2a;y/(a — 2) + 4a;.
Theorem 3.19: The Atom-bond connectivity index of a thorn cog-wheel graph having
(a + 3(b — 1)) number of vertices is

ABC(W® o) = ay(b; — 1) 22+ q, /5(“;_21) + 0224t — )b — DV3.

Proof: Here we independently examine the pair of vertices of W, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of W, along with the pair of vertices that belongs to ¥,
and between the pair of vertices u; for j = 1,2,3, ..., (b — 1) of W€, along with the pair of
vertices degree 1 vertices of W€ . Let vy, v,, Vs, ...., 1, be the vertices of wheel graph W,
where i ranges from 1,2,3,4, ...,a and let u,, u,, us, ..., u,_4 be addition of (b — 1) number
of vertices of W<€, wherej=1,23,...,(b—1). Also, let w;,w,,.... yWop_o, k =
1,2,3,....,(2b — 2) of W€, be an additional (2b —2) number of degree 1 vertices of
W€ ,. (AsinFigure.8). Letd(vy) = (a —1),d(w;) = 4(forj =1.2,.., (b — 1)),d(v) =
5(fori=2,34,....,a)and d(wy) = 1(for k = 1,2,3, ...... ,2(b — 1)). Then we have,
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ay(bj~=1)  [a@d+d(u)-2
ABC(WC ) Zl =2,j=1 dwpd(uj) +
a

d(wy)+dw;)-2 +3% dwp+dw;)-2
d(v1)d(vy) i=2 d)d(v;)

ij—l,Zbk—Z d(uj)+d(wk)—2

Jk=1 d(u;)d(wi)

al(b] 1) ,5+4 2 ’(a—1)+(5)—2
l 2,j=1 5(4) +Z 5(a—-1) +

a; (5)+(5)—-2 , «bj—1,2bp-2 4+1-2
Zi=2 5(5) Zlk 1 4(1)

= a;(b; — 1)\/E+a\/m+ +(b —1)(2bk—2)—

= ay(b;—1)% +al/ )+a15+(b—1)(bk—1)\/_

Theorem 3.20: The geometric-arithmetic index of a thorn cog-wheel graph having
(a + 3(b — 1)) number of vertices is
45 2 /5(a—1 8(b; — 1)(by — 1
+a; ( )+ai+ (b = )b )
9 (a+4) 5

GA(W®,) = a;(b; — 1)

Proof: Here, we independently examine the pair of vertices of W, between the pair of
vertices u; for j = 1,2,3, ..., (b — 1) of W, along with the pair of vertices that belongs to ¥,
and between the pair of vertices u; for j = 1,2,3, ..., (b — 1) of W€, along with the pair of
vertices degree 1 vertices of W€ . Let vy, v,, Vs, ...., 1, be the vertices of wheel graph W,
where i ranges from 1,2,3,4, ...,a and let u, u,, us, ..., u,_4 be addition of (b — 1) number
of vertices of W<€, wherej=1,23,...,(b—1). Also, let w;,w,, .. .. Wop_o, k =
1,2,3,....,(2b — 2) of W€, be an additional (2b —2) number of degree 1 vertices of
W€ ,. (AsinFigure.8). Letd(vy) = (a —1),d(w;) = 4(forj =12, .., (b — 1)),d(v) =
5(fori=2,34,....,a)and d(wy) = 1(for k = 1,2,3, ....... ,2(b — 1)). Then we have,

GAWE,) = Zal(b]—l) 2 [dw)d(u)) s ENCICHLICD) 3 2./(dw)?

i=2,j=1 d(vy)+d(u;)) =2 d(w)+dvy) d(w)+d(vy)
+ Zb]—l ,2bj—2 2 Jd(uj)dwr)
Jk=1 d(uj)+d(wg)
_ -1 2 5(4 24/5(a—1) 24/(5)?
- Zi=2J=1 (5+4) +Z (a—1+5) +Z 10

bj—1,2by—2 2,/4(1)
2 k=1 5

5

4V5 24/5(a-1) 4
= ai(bj - 1)—9 + a; (a+4) + a; +(b] — 1)(2bk — Z)E
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_ _ 45 2./5(a-1) 8(bj—1)(br—1)
= ai(b]’ 1) 5 + a; (a+4) + a; + —5 .

4. Conclusions

In this paper, we have computed reciprocal randic(R™1) index, reduced reciprocal

randic(RR‘l) index, atom-bond connectivity(ABC ) index, geometric-arithmetic(GA) index

of complete thorn graph and wheel graph along with its special cases. These descriptors
constitute the biological and physicochemical properties of chemical compounds. Topological
indices have many applications in the field of modern chemistry.

Funding

This research received no external funding.

Acknowledgments

We are grateful to our institutes for their support.

Conflicts of Interest

The authors declare no conflict of interest.

References

1.
2.

o o

10.

11.

12.

13.

14,

Gutman, 1. Distance in thorny graph. Publ. Inst. Math. Beograd 1998, 63, 31-36.

Knor, M.; Potcnik, P.; Skrekovski, R. Relationship between the edge-Winer index and the Gutman index of
a graph. Discrete Appl. Math. 2014, 167, 197-201, https://doi.org/10.1016/j.dam.2013.12.009.

Vukicevic, D.; Graovac, A. On modified Wiener indices of thorn graphs. MATCH - Communications in
Mathematical and in Computer Chemistry 2004, 50, 93-108.

Vukicevic, D.; Nikoli¢, S.; Trinajsti¢, N. On the Schultz Index of Thorn Graphs. Internet Electronic Journal
of Molecular Design 2005, 4, 501-514.

Zhou, B. On modified Wiener indices of thorn trees. Kragujevac J. Math. 2005, 27, 5-9.

Wu, B. Wiener index of line graphs. MATCH Commun. Math. Comput. Chem. 2010, 64, 699—706.

Wei, J.; Imran, M.; Igbal, M.A.; Zaighum, M.A. Zagreb-Type Indices of-Vertex Join and-Edge Join of
Graphs. Journal of Chemistry 2020, 2020, https://doi.org/10.1155/2020/9767128.

Li, Q.Z.; Nazar, K.; Ahmed, I.; Tlili, I. Valency-Based Descriptors for Silicon Carbides, Bismuth (I11) lodide,
and Dendrimers in Drug  Applications. Journal of  Chemistry 2020, 2020,
https://doi.org/10.1155/2020/8616309.

Pio, J.; Thayamathy, Panchadcharam, E.; Masilamani, K. Computing Zagreb and Randic Indices of PEG-
Cored Dendrimers Used for Drug and Gene Delivery. Journal of Chemistry 2020, 2020,
https://doi.org/10.1155/2020/2821510.

Huang, Y.; Mutee-ur-Rehman, H.; Nazeer, S.; Afzal, D.; Qiang, X. Some Bounds of Weighted Entropies
with Augmented Zagreb Index Edge Weights. Discrete Dynamics in Nature and Society 2020, 2020,
https://doi.org/10.1155/2020/3562382.

Kwun, Y.C.; Rehman, H.M.u.; Yousaf, M.; Nazeer, W.; Kang, S.M. The Entropy of Weighted Graphs with
Atomic Bond Connectivity Edge Weights. Discrete Dynamics in Nature and Society 2018, 2018,
https://doi.org/10.1155/2018/8407032.

Li, X.; Ahmad, M.; Javaid, M.; Saeed, M.; Liu, J.-B. Bounds on General Randic Index for F-Sum Graphs.
Journal of Mathematics 2020, 2020, https://doi.org/10.1155/2020/9129365.

Imran, M.; Akhter, S.; Igbal, Z. On the Eccentric Connectivity Polynomial of #-Sum of Connected Graphs.
Complexity 2020, 2020, https://doi.org/10.1155/2020/5061682.

Tang, J.-H.; Ali, U.; Javaid, M.; Shabbir, K. Zagreb Connection Indices of Subdivision and Semi-Total Point
Operations on Graphs. Journal of Chemistry 2019, 2019, https://doi.org/10.1155/2019/9846913.

https://nanobioletters.com/ 3321


https://doi.org/10.33263/LIANBS111.33053321
https://nanobioletters.com/
https://doi.org/10.1016/j.dam.2013.12.009
https://doi.org/10.1155/2020/9767128
https://doi.org/10.1155/2020/8616309
https://doi.org/10.1155/2020/2821510
https://doi.org/10.1155/2020/3562382
https://doi.org/10.1155/2018/8407032
https://doi.org/10.1155/2020/9129365
https://doi.org/10.1155/2020/5061682
https://doi.org/10.1155/2019/9846913

