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Abstract: We have multiple real numbers that describe chemical descriptors in the field of Graph 

theory. These descriptors constitute the entire structure of a graph, which possesses an actual chemical 

structure. Among these, the main focus of topological indices is that they are associated with many non-

identical physiochemical properties of chemical compounds. Also, the biological properties of chemical 

compounds can be established by the topological indices. In this analysis, we compute the Reciprocal 

Randic index(𝑅−1), Reduced Reciprocal Randic index(𝑅𝑅−1), Atom-bond Connectivity index(𝐴𝐵𝐶) 

and the geometric arithmetic index(𝐺𝐴) of thorn graphs are obtained theoretically. 
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1. Introduction 

We consider the connected graph 𝐺 = (𝑉, 𝐸) with the cardinality of order 𝑝. Let    𝑆 =

{𝑎1, 𝑎2, 𝑎3, … , 𝑎𝑝} be the 𝑝 number of non-negative integers. The thorn graph 𝐺𝑠 is acquired 

from the graph 𝐺 by joining 𝑎𝑖 number of pendent vertices to the vertex 𝑣𝑖 of  𝐺  for 𝑖 =

1,2, … 𝑝. These fixed 𝑎𝑖 pendent vertices to the vertices 𝑣𝑖 of  𝐺 are called thorns of 𝐺. Here 

we represent the set of  𝑎𝑖 number of pendent vertices to the vertex 𝑣𝑖 of  𝐺 by 𝑉𝑘,      𝑘 =

1,2,3, … , 𝑝.  Thus𝑉(𝐺𝑠) = 𝑉(𝐺) ∪ 𝑉1(𝐺) ∪ 𝑉2(𝐺) ∪ 𝑉3(𝐺) ∪ … ∪ 𝑉𝑝(𝐺). In [1], Gutman et al., 

introduced the concept of thorn graphs. Along, with this, they established many applications 

related to chemistry [1, 2, 5-7].  

The topological 𝐹𝑖 the index was introduced to foresee the various temperature of the 

boiling point of hydrocarbons. There are two terms in the definition of  𝐹𝑖 . in [2], Gutman et 

al., examined one of these terms, which is defined as follows. 

Definition 1. Let 𝐺 = (𝑉, 𝐸) be a connected graph and 𝑑𝑝 denotes the degree of the 

vertex 𝑝, then 𝑅𝑅−1 the index is defined as, 

𝑅𝑅−1(𝐺) = ∑

𝑝𝑞∈𝐸(𝐺)

√(𝑑𝑝 − 1)(𝑑𝑞 − 1) 
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In this paper, we discuss one of the currently established modified descriptions of 

Randic index, which is mentioned below. 

Definition 2. Let G be the graph then the reciprocal randic index and is defined as 

𝑅−1(𝐺) = ∑

𝑝𝑞∈𝐸(𝐺)

√𝑑𝑝𝑑𝑞 

A topological index is a numerical value obtained mathematically in a distinct and very 

obvious manner from the given molecular graph. To design chemical compounds and its 

physio-chemical properties, it is mostly used in theoretical chemistry.  

Definition 3. The topological index called the Atom-bond connectivity (𝐴𝐵𝐶) index 

was introduced by Estrada et al., [2]. This index is defined as follows [1, 2] 

𝐴𝐵𝐶(𝐺) = ∑

𝑝𝑞∈𝐸(𝐺)

√
𝑑𝑝 + 𝑑𝑞 − 2

𝑑𝑝𝑑𝑞
 

Definition 4. For a molecular graph 𝐺, the geometric-arithmetic (𝐺𝐴) index is defined 

as [6] 

𝐺𝐴(𝐺) = ∑

𝑝𝑞∈𝐸(𝐺)

2√𝑑𝑝𝑑𝑞

𝑑𝑝 + 𝑑𝑞
 

2. Materials and Methods 

 We collect all the information’s and materials for our work digitally. The main focus 

of this paper is to obtain topological indices of standard thorn graphs and some of its other 

classes. Firstly, we identify the degree of each graph's vertices; later, we partition the edges of 

the graph, which follow the same property to procure our results. 

3. Results and Discussion 

In this portion of the paper, we found results related to the Reciprocal Randic 

index(𝑅−1), Reduced Reciprocal Randic index(𝑅𝑅−1), Atom-bond Connectivity index(𝐴𝐵𝐶) 

and the geometric arithmetic index(𝐺𝐴) of thorn graphs and its special cases. 

3.1. Degree-based indices for standard graphs and some classes of its thorn graphs. 

3.1.1. The complete graph 𝐾𝑎. 

A complete graph 𝐾𝑎 is a graph in which every pair of vertices is adjacent. The graph 

𝐾𝑎 has 𝑎 number of vertices with 
𝑎(𝑎−1)

2
 number of edges. 

3.1.2. Thorn of the complete graph 𝐾𝑎. 

The b-thorn complete graph 𝐾𝑎,𝑏 has a complete graph 𝐾𝑎 as the parent and (𝑏 − 𝑎) 

thorns that is 𝑢𝑖 pendent vertices, 𝑖 = 1,2, … , 𝑏 at each vertex 𝑣𝑖 𝑓𝑜𝑟  𝑖 = 1,2, … , 𝑎 of 𝐾𝑎 where 

(𝑎, 𝑏 > 2).  The b-thorn complete graph 𝐾𝑎,𝑏 is regarded as the thorn graph (𝐾𝑎)𝑆  where 𝑆 =

(𝑢1, 𝑢2, … . , 𝑢𝑏). Then the number of vertices of𝐾𝑎,𝑏, is 𝑝 = 𝑎 + ∑𝑏
𝑖=1 𝑢𝑖 and the number of 

edges are  𝑞 =  
𝑛(𝑛−1)

2
+ ∑𝑏

𝑖=1 𝑢𝑖 . The b-thorn complete graph 𝐾𝑎,𝑏 is shown in Figure 1.  
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Figure 1. Thorn complete graph 𝐾𝑎,𝑏. 

Theorem 3.1. The reciprocal randic index of a thorn complete graph having (𝑎 + 𝑏𝑎) 

number of vertices is 

𝑅−1(𝐾𝑎,𝑏) = 𝑎𝑖𝑏𝑗√(𝑏𝑗 + 𝑎 − 1) + 𝑎𝑖(𝑏𝑗 + 𝑎 − 1). 

Proof: Here, we independently examine the pair of vertices of  𝐾𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑎,𝑏 along with the pair of vertices that belongs to 𝐾𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 

𝑖 = 2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝐾𝑎 where 𝑗 = 1,2,3, … . , 𝑏. 

(As in Figure 1). Let 𝑑(𝑣𝑖) = (𝑏𝑗 + 𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝑅−1(𝐾𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √𝑑(𝑣𝑖)𝑑(𝑢𝑗) + ∑𝑎𝑖
𝑖=1 √𝑑(𝑣𝑖)𝑑(𝑣𝑖)  

                  = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √(𝑏𝑗 + 𝑎 − 1)1 + ∑𝑎𝑖
𝑖=1 √(𝑏𝑗 + 𝑎 − 1)(𝑏𝑗 + 𝑎 − 1) 

                  = 𝑎𝑖𝑏𝑗√(𝑏𝑗 + 𝑎 − 1) + 𝑎𝑖√(𝑏𝑗 + 𝑎 − 1)(𝑏𝑗 + 𝑎 − 1) 

                  = 𝑎𝑖𝑏𝑗  √(𝑏𝑗 + 𝑎 − 1) + 𝑎𝑖(𝑏𝑗 + 𝑎 − 1). 

Theorem 3.2: The reduced reciprocal randic index of a thorn complete graph having       

(𝑎 + 𝑎𝑏) number of vertices is 

𝑅𝑅−1(𝐾𝑎,𝑏) = 𝑎𝑖(𝑏𝑗 + 𝑎 − 2). 

Proof: Here we independently examine the pair of vertices of  𝐾𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑎,𝑏 along with the pair of vertices that belongs to 𝐾𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 

𝑖 = 2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝐾𝑎 where 𝑗 = 1,2,3, … . , 𝑏. 

(As in Figure 1). Let 𝑑(𝑣𝑖) = (𝑏𝑗 + 𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝑅𝑅−1(𝐾𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √(𝑑(𝑣𝑖) − 1)(𝑑(𝑢𝑗) − 1) + ∑𝑎𝑖
𝑖=1 √(𝑑(𝑣𝑖) − 1)(𝑑(𝑣𝑖) − 1)  

                       = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √(𝑏𝑗 + 𝑎 − 1)(1 − 1) +

∑𝑎𝑖
𝑖=1 √(𝑏𝑗 + 𝑎 − 1 − 1)(𝑏𝑗 + 𝑎 − 1 − 1)  

                     = 0 + 𝑎𝑖√(𝑏𝑗 + 𝑎 − 2)(𝑏𝑗 + 𝑎 − 2) 

                     =  𝑎𝑖(𝑏𝑗 + 𝑎 − 2). 

Theorem 3.3: The Atom-bond connectivity index of a thorn complete graph having(𝑎 +

𝑎𝑏 ) number of vertices is 

𝐴𝐵𝐶( 𝐾𝑎,𝑏)= 𝑎𝑖𝑏𝑗√
(𝑏𝑗+𝑎−2)

(𝑏𝑗+𝑎−1)
+ 𝑎𝑖√

2𝑏𝑗+2(𝑎−2)

(𝑏𝑗+𝑎−1)2
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Proof: Here, we independently examine the pair of vertices of  𝐾𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑎,𝑏 along with the pair of vertices that belongs to 𝐾𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 

where 𝑖 = 2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝐾𝑎 where𝑗 =

1,2,3, … . , 𝑏. (As in Figure 1). Let 𝑑(𝑣𝑖) = (𝑏𝑗 + 𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝐴𝐵𝐶(𝐾𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √
𝑑(𝑢𝑗)+𝑑(𝑣𝑖)−2

𝑑(𝑢𝑗)∙𝑑(𝑣𝑖)
+ ∑𝑎𝑖

𝑖=1 √
𝑑(𝑣𝑖)+𝑑(𝑣𝑖)−2

𝑑(𝑣𝑖)∙𝑑(𝑣𝑖)
  

                      = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
√

(1)+(𝑏𝑗+𝑎−1)−2

(1)(𝑏𝑗+𝑎−1)
+ ∑𝑎𝑖

𝑖=1 √
(𝑏𝑗+𝑎−1)+(𝑏𝑗+𝑎−1)−2

(𝑏𝑗+𝑎−1)(𝑏𝑗+𝑎−1)
   

                    = 𝑎𝑖𝑏𝑗√
(𝑏𝑗+𝑎−2)

(𝑏𝑗+𝑎−1)
+ 𝑎𝑖√

2𝑏𝑗+2(𝑎−2)

(𝑏𝑗+𝑎−1)2 . 

Theorem 3.4: The geometric-arithmetic index of a thorn complete graph having (𝑎 +

𝑎𝑏 )number of vertices is 

𝐺𝐴(𝐾𝑎,𝑏) = 𝑎𝑖𝑏𝑗

2 √(𝑏𝑗+𝑎−1)

(𝑏𝑗+𝑎)
+ 𝑎𝑖. 

Proof: Here, we independently examine the pair of vertices of  𝐾𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑎,𝑏 along with the pair of vertices that belongs to 𝐾𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 

𝑖 = 2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝐾𝑎 where 𝑗 = 1,2,3, … . , 𝑏. 

(As in Figure.1). Let 𝑑(𝑣𝑖) = (𝑏𝑗 + 𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝐺𝐴(𝐾𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
   

  2√𝑑(𝑣𝑖)∙𝑑(𝑢𝑗)

     𝑑(𝑣𝑖)+𝑑(𝑢𝑗)
 + ∑𝑎𝑖

𝑖=1    
2√𝑑(𝑣𝑖)𝑑(𝑣𝑖)

𝑑(𝑣𝑖)+𝑑(𝑣𝑖)
  

                 = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
   

  2√(𝑏𝑗+𝑎−1)

(𝑏𝑗+𝑎)
+ ∑𝑎𝑖

𝑖=1    
2√(𝑏𝑗+𝑎−1)2

(𝑏𝑗+𝑎−1+𝑏𝑗+𝑎−1)
  

                 = 𝑎𝑖𝑏𝑗

2√(𝑏𝑗+𝑎−1)

(𝑏𝑗+𝑎)
+ 𝑎𝑖 . 

3.1.3. A cog-complete graph 𝐾𝑐
𝑎. 

                𝐾𝑐
𝑎 is the graph formed from a complete graph 𝐾𝑎 (𝑎 ≥ 2)of the vertex set 

{𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎} with the addition of 𝑏 number of vertices such as {𝑢1, 𝑢2, 𝑢3, … . . , 𝑢𝑏} and 

2𝑏 number of edges given by {𝑢𝑗𝑣𝑖 , 𝑢𝑗𝑣𝑖+1: 𝑖 = 1,2,3, … , 𝑎 𝑎𝑛𝑑 𝑗 = 1,2,3, … . . , 𝑏}(𝑣𝑎+1 =

𝑣1),  as shown in Figure 2. 

We know that 𝑝(𝐾𝑐
𝑎 ) = 2(𝑎 + 𝑏), 𝑞(𝐾𝑐

𝑎) =
𝑎(𝑎+3)

2
. 

 
Figure 2. Cog-Complete graph 𝐾𝑐

𝑎. 

3.1.4. A thorn cog-complete graph 𝐾𝑐∗

𝑎 
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                𝐾𝑐∗

𝑎 is the cog-complete graph 𝐾𝑐
𝑎  (𝑎 ≥ 2) is obtained from Definition 3. , with 2𝑏 

number of additional vertices of degree 1 such as {𝑤1, 𝑤2, 𝑤3, … . . , 𝑤2𝑏}  for 𝑘 =

1,2,3, … . . ,2𝑏 and edges given by {𝑢𝑗𝑤2𝑘−1, 𝑢𝑗𝑤2𝑘: 𝑖, 𝑗 = 1,2,3, … . . , 𝑏}, as shown in Figure 3.  

 

 
Figure 3. Thorn Cog-Complete graph 𝐾𝑐∗

𝑏,𝑎. 

 

Theorem 3.5: The reciprocal randic index of a thorn cog-complete graph having                 

(𝑎 + 3𝑏) number of vertices is 

𝑅−1(𝐾𝑐∗

𝑏,𝑎) = 2𝑎𝑖𝑏𝑗√(𝑎 + 1) + 𝑎𝑖(𝑎 + 1) + 4𝑏𝑗𝑏𝑘. 

Proof: Here, we independently examine the pair of vertices of 𝐾𝑎  between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices that belongs to 𝐾𝑎 and 

between the pair of vertices 𝑢𝑖, for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices degree 

1 vertices of 𝐾𝑐∗

𝑏,𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 𝑖 =

2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be the addition of  𝑏 number of vertices of  𝐾𝑐
𝑎 where 𝑗 =

1,2,3, … . , 𝑏. Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏, 𝑘 = 1,2,3, … . ,2𝑏  𝑜𝑓  𝐾𝑐∗

𝑏,𝑎  be an additional 2𝑏 

number of degree 1 vertices of  𝐾𝑐∗

𝑏,𝑎.   (As in Figure. 3). Let 𝑑(𝑣𝑖) = (𝑎 + 1), 𝑑(𝑢𝑗) = 4 and 

𝑑(𝑤𝑘) = 1. Then we have, 

𝑅−1(𝐾𝑐∗

𝑏,𝑎) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √𝑑(𝑣𝑖)𝑑(𝑢𝑗) + ∑𝑎𝑖
𝑖=1 √𝑑(𝑣𝑖)𝑑(𝑣𝑖)+∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1 √𝑑(𝑢𝑗)𝑑(𝑤𝑘) 

                         = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √(𝑎 + 1)4 + ∑𝑎𝑖
𝑖=1 √(𝑎 + 1)(𝑎 + 1)+∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1 √1(4) 

                       = 𝑎𝑖𝑏𝑗√4(𝑎 + 1) + 𝑎𝑖√(𝑎 + 1)(𝑎 + 1)+𝑏𝑗(2𝑏𝑘)2 

                       = 2𝑎𝑖𝑏𝑗√(𝑎 + 1) + 𝑎𝑖(𝑎 + 1) + 4𝑏𝑗𝑏𝑘. 

Theorem 3.6: The reduced reciprocal randic index of a thorn cog-complete graph 

having (𝑎 + 3𝑏) number of vertices is 

𝑅𝑅−1(𝐾𝑐∗

𝑏,𝑎) = 𝑎𝑖𝑏𝑗√3𝑎 + 𝑎𝑖(𝑎). 

Proof: Here, we independently examine the pair of vertices of 𝐾𝑎  between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices that belongs to 𝐾𝑎 and 

between the pair of vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices degree 

1 vertices of  𝐾𝑐∗

𝑏,𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 𝑖 =

2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be the addition of  𝑏 number of vertices of  𝐾𝑐
𝑎 where 𝑗 =

1,2,3, … . , 𝑏. Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏, 𝑘 = 1,2,3, … . ,2𝑏  𝑜𝑓  𝐾𝑐∗

𝑏,𝑎  be an additional 2𝑏 

number of degree 1 vertices of  𝐾𝑐∗

𝑏,𝑎.   (As in Figure. 3). Let 𝑑(𝑣𝑖) = (𝑎 + 1), 𝑑(𝑢𝑗) = 4 and 

𝑑(𝑤𝑘) = 1. Then we have, 
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𝑅𝑅−1(𝐾𝑐∗

𝑏,𝑎) =   ∑

𝑎𝑖,𝑏𝑗

𝑖,𝑗=1

√(𝑑(𝑣𝑖) − 1)(𝑑(𝑢𝑗) − 1) + ∑

𝑎𝑖

𝑖=1

√(𝑑(𝑣𝑖) − 1)2

+ ∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1

√(𝑑(𝑢𝑗) − 1)(𝑑(𝑤𝑘) − 1)  

                                         = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
√(𝑎 + 1 − 1)(4 − 1) +

∑𝑎𝑖
𝑖=1 √(𝑎 + 1 − 1)(𝑎 + 1 − 1) 

                                        +∑
𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1 √(1 − 1)(4 − 1) 

                                             = 𝑎𝑖𝑏𝑗√3𝑎 + 𝑎𝑖√𝑎(𝑎) 

                                           = 𝑎𝑖𝑏𝑗√3𝑎 + 𝑎𝑖(𝑎). 

Theorem 3.7: The Atom-bond connectivity index of a thorn cog-complete graph having 

(𝑎 + 3𝑏) number of vertices is 

𝐴𝐵𝐶(𝐾𝑐∗

𝑏,𝑎) = 𝑎𝑖𝑏𝑗√
𝑎+3

4(𝑎+1)
+ 𝑎𝑖

√2𝑎

(𝑎+1)
  + 𝑏𝑗  𝑏𝑘√3 . 

Proof: Here, we independently examine the pair of vertices of 𝐾𝑎  between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices that belongs to 𝐾𝑎 and 

between the pair of vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices degree 

1 vertices of 𝐾𝑐∗

𝑏,𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 𝑖 =

2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be the addition of  𝑏 number of vertices of  𝐾𝑐
𝑎 where 𝑗 =

1,2,3, … . , 𝑏. Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏, 𝑘 = 1,2,3, … . ,2𝑏  𝑜𝑓  𝐾𝑐∗

𝑏,𝑎,  be an additional 2𝑏 

number of degree 1 vertices of 𝐾𝑐∗

𝑏,𝑎.   (As in Figure. 3). Let 𝑑(𝑣𝑖) = (𝑎 + 1), 𝑑(𝑢𝑗) = 4 and 

𝑑(𝑤𝑘) = 1. Then we have, 

𝐴𝐵𝐶(𝐾𝑐∗

𝑏,𝑎) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
√

𝑑(𝑣𝑖)+𝑑(𝑢𝑗)−2

𝑑(𝑣𝑖)𝑑(𝑢𝑗)
+ ∑𝑎𝑖

𝑖=1 √
𝑑(𝑣𝑖)+𝑑(𝑣𝑖)−2

𝑑(𝑣𝑖)𝑑(𝑣𝑖)
+∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1
√

𝑑(𝑢𝑗)+𝑑(𝑤𝑘)−2

𝑑(𝑢𝑗)𝑑(𝑤𝑘)
 

 

                       = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1 √
𝑎+1+4−2

4(𝑎+1)
+ ∑𝑎𝑖

𝑖=1 √
(𝑎+1)+(𝑎+1)−2

(𝑎+1)2 +∑
𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1 √
4+1−2

(4)1
 

 

                       = 𝑎𝑖𝑏𝑗√
𝑎+3

4(𝑎+1)
+ 𝑎𝑖√

2𝑎

(𝑎+1)2+𝑏𝑗(2𝑏𝑘)√
3

(4)
 

 

                       = 𝑎𝑖𝑏𝑗√
𝑎+3

4(𝑎+1)
+ 𝑎𝑖

√2𝑎

(𝑎+1)
+𝑏𝑗 𝑏𝑘√3 . 

 

Theorem 3.8: The geometric-arithmetic index of a thorn cog-complete graph having         

(𝑎 + 3𝑏)  number of vertices is 

𝐺𝐴(𝐾𝑐∗

𝑏,𝑎) =  𝑎𝑖𝑏𝑗
  4√(𝑎+1)

     (𝑎+5)
+ 𝑎𝑖  +  

8𝑏𝑗 𝑏𝑘  

5
. 

Proof: Here we independently examine the pair of vertices of 𝐾𝑎  between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices which belongs to 𝐾𝑎 and 

between the pair of vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝐾𝑐
𝑎 along with the pair of vertices degree 

1 vertices of 𝐾𝑐∗

𝑏,𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of the complete graph 𝐾𝑎 where 𝑖 =
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2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be addition of  𝑏 number of vertices of  𝐾𝑐
𝑎 where 𝑗 =

1,2,3, … . , 𝑏. Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏, 𝑘 = 1,2,3, … . ,2𝑏  𝑜𝑓  𝐾𝑐∗

𝑏,𝑎  be an additional 2𝑏 

number of degree 1 vertices of 𝐾𝑐∗

𝑏,𝑎.   (As in Figure. 3). Let 𝑑(𝑣𝑖) = (𝑎 + 1), 𝑑(𝑢𝑗) = 4 and 

𝑑(𝑤𝑘) = 1. Then we have, 

𝐺𝐴(𝐾𝑐∗

𝑏,𝑎) = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
   

  2√𝑑(𝑣𝑖)𝑑(𝑢𝑗)

     𝑑(𝑣𝑖)+𝑑(𝑢𝑗)
 + ∑𝑎𝑖

𝑖=1    
2√𝑑(𝑣𝑖)𝑑(𝑣𝑖)

𝑑(𝑣𝑖)+𝑑(𝑣𝑖)
 +∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1
   

2√𝑑(𝑢𝑗)𝑑(𝑤𝑘)

𝑑(𝑢𝑗)+𝑑(𝑤𝑘)
 

 

                    = ∑
𝑎𝑖,𝑏𝑗

𝑖,𝑗=1
   

  2√4(𝑎+1)

     (𝑎+1+4)
 + ∑𝑎𝑖

𝑖=1    
2√(𝑎+1)(𝑎+1)

(𝑎+1)+(𝑎+1)
 +∑

𝑏𝑗,2𝑏𝑘

𝑗,𝑘=1
   

2√4(1)

(5)
 

 

                    = 𝑎𝑖𝑏𝑗
  4√(𝑎+1)

     𝑎+5
+ 𝑎𝑖   

2√(𝑎+1)2

2𝑎+2
+ 𝑏𝑗(2𝑏𝑘)  

4

5
 

 

                    = 𝑎𝑖𝑏𝑗
  4√(𝑎+1)

     𝑎+5
+ 𝑎𝑖  +  

8𝑏𝑗 𝑏𝑘  

5
. 

3.1.5. A cog-star graph 𝑆𝑐
𝑎. 

                 𝑆𝑐
𝑎 is the graph formed from a star graph 𝑆𝑎  (𝑎 ≥ 4), of the vertex set 

{𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎−1, 𝑣𝑎} with the addition of (𝑏 − 1) number of vertices such as 

{𝑢1, 𝑢2, 𝑢3, … . . , 𝑢𝑏−1} and 2𝑏 number of edges given by {𝑢𝑗𝑣𝑖+1, 𝑢𝑗𝑣𝑖+2: 𝑖 =

1,2,3, … , 𝑎 𝑎𝑛𝑑 𝑗 = 1,2,3, … . . , (𝑏 − 1)} (𝑣𝑎+1 = 𝑣2),  as shown in Figure 4. 

We know that 𝑝(𝑆𝑐
𝑎 ) = (𝑎 + 𝑏 − 1), 𝑞(𝑆𝑐

𝑎) = 𝑎 + 2𝑏 − 3. 

 

 
Figure 4. A Cog-Star graph 𝑆𝑎

𝑐. 

3.1.6. The thorn Cog-Star graph 𝑆𝑐∗

𝑎. 

               𝑆𝑐∗

𝑎 is the graph formed from a star graph 𝑆𝑎
𝑐  ( 𝑎 ≥ 4), of the vertex set 

{𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎−1, 𝑣𝑎, 𝑢1, 𝑢2, 𝑢3, … . . , 𝑢𝑏−1}  for 𝑖 = 1,2,3, … , 𝑎 𝑎𝑛𝑑 𝑗 = 1,2,3, … . . , (𝑏 −

1)with the addition of 2(𝑏 − 1) number of vertices such as {𝑤1, 𝑤2, 𝑤3, … . . , 𝑤2𝑏−3, 𝑤2𝑏−2} 

and  edges given by {𝑢𝑗𝑤2𝑗−1, 𝑢𝑗𝑤2𝑗: 𝑗 = 1,2,3, … . . , (𝑏 − 1)},  as shown in Figure 5. 
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Figure 5. Thorn Cog-Star graph 𝑆𝑐∗

𝑎. 

Theorem 3.9: The reciprocal randic index of a thorn cog-star graph having                        

(𝑎 + 3(𝑏 − 1)) number of vertices is 

𝑅−1(𝑆𝑐∗

𝑎) = 2𝑎𝑖(𝑏𝑗 − 1)√3 + 𝑎𝑖√3(𝑎 − 1) + 4(𝑏𝑗 − 1)(𝑏𝑘 − 1). 

Proof: Here, we independently examine the pair of vertices of 𝑆𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of vertices that belongs to 𝑆𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑆𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of a star graph  𝑆𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be the addition of  (𝑏 − 1) number of 

vertices of  𝑆𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑆𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑆𝑐∗

𝑎.   (As in Figure. 5). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4, 𝑑(𝑣𝑖) = 3, 𝑖 ∈ {2,3,4, … . . , 𝑎} and 

𝑑(𝑤𝑘) = 1. Then we have, 

 

 𝑅−1(𝑆𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √𝑑(𝑣𝑖)𝑑(𝑢𝑗) + ∑𝑎𝑖
𝑖=2 √𝑑(𝑣1)𝑑(𝑣𝑖) 

 

                    +∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √𝑑(𝑢𝑗)𝑑(𝑤𝑘) 

 

                       = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √(3)4 + ∑𝑎𝑖
𝑖=2 √(𝑎 − 1)3+∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √1(4) 

 

                     = 𝑎𝑖(𝑏𝑗 − 1)√4(3) + 𝑎𝑖√(𝑎 − 1)(3)+(𝑏𝑗 − 1)(2𝑏𝑘 − 2)2 

 

                     = 2𝑎𝑖(𝑏𝑗 − 1)√3 + 𝑎𝑖√3(𝑎 − 1) + 4(𝑏𝑗 − 1)(𝑏𝑘 − 1). 

 

Theorem 3.10: The reduced reciprocal randic index of a thorn cog-star graph having         

(𝑎 + 3(𝑏 − 1)) number of vertices is 

𝑅𝑅−1(𝑆𝑐∗

𝑎) = 𝑎𝑖(𝑏𝑗 − 1)√6 + 𝑎𝑖√2(𝑎 − 2). 

Proof: Here, we independently examine the pair of vertices of 𝑆𝑎 between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of vertices that belongs to 𝑆𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of 
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vertices degree 1 vertices of  𝑆𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of a star graph  𝑆𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be the addition of  (𝑏 − 1) number of 

vertices of  𝑆𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑆𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑆𝑐∗

𝑎.   (As in Figure. 5). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4, 𝑑(𝑣𝑖) = 3, 𝑖 ∈ {2,3,4, … . . , 𝑎} and 

𝑑(𝑤𝑘) = 1. Then we have, 

 

𝑅𝑅−1(𝑆𝑐∗

𝑎) =    ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
√(𝑑(𝑣𝑖) − 1)(𝑑(𝑢𝑗) − 1) +

∑𝑎𝑖
𝑖=2 √(𝑑(𝑣1) − 1)(𝑑(𝑣𝑖) − 1) +  

                          

                         ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
√(𝑑(𝑢𝑗) − 1)(𝑑(𝑤𝑘) − 1)  

 

                     = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √(3 − 1)(4 − 1) + ∑𝑎𝑖
𝑖=2 √(𝑎 − 1 − 1)(3 − 1) 

                                 

                       +∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √(1 − 1)(4 − 1) 

 

                            = 𝑎𝑖(𝑏𝑗 − 1)√6 + 𝑎𝑖√2(𝑎 − 2). 

 

Theorem 3.11: The Atom-bond connectivity index of a thorn cog-star graph having 

(𝑎 + 3(𝑏 − 1)) number of vertices is 

𝐴𝐵𝐶(𝑆𝑐∗

𝑎) = 𝑎𝑖(𝑏𝑗 − 1)√
5

12
+ 𝑎𝑖√

𝑎

3(𝑎−1)
+(𝑏𝑗 − 1)(𝑏𝑘 − 1)√3 . 

Proof: Here, we independently examine the pair of vertices of 𝑆𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of vertices that belongs to 𝑆𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑆𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of a star graph  𝑆𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be the addition of  (𝑏 − 1) number of 

vertices of  𝑆𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑆𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑆𝑐∗

𝑎.   (As in Figure. 5). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4, 𝑑(𝑣𝑖) = 3, 𝑖 ∈ {2,3,4, … . . , 𝑎} and 

𝑑(𝑤𝑘) = 1. Then we have, 

𝐴𝐵𝐶(𝑆𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
√

𝑑(𝑣𝑖)+𝑑(𝑢𝑗)−2

𝑑(𝑣𝑖)𝑑(𝑢𝑗)
+

∑𝑎𝑖
𝑖=2 √

𝑑(𝑣1)+𝑑(𝑣𝑖)−2

𝑑(𝑣1)𝑑(𝑣𝑖)
+∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
√

𝑑(𝑢𝑗)+𝑑(𝑤𝑘)−2

𝑑(𝑢𝑗)𝑑(𝑤𝑘)
 

 

                    = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √
3+4−2

3(4)
+ ∑𝑎𝑖

𝑖=2 √
(𝑎−1)+(3)−2

3(𝑎−1)
+∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √
4+1−2

(4)(1)
 

 

                     = 𝑎𝑖(𝑏𝑗 − 1)√
5

4(3)
+ 𝑎𝑖√

𝑎

3(𝑎−1)
+(𝑏𝑗 − 1)(2𝑏𝑘 − 2)√

3

(4)
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                     = 𝑎𝑖(𝑏𝑗 − 1)√
5

12
+ 𝑎𝑖√

𝑎

3(𝑎−1)
+(𝑏𝑗 − 1)(𝑏𝑘 − 1)√3 . 

 

Theorem 3.12: The geometric-arithmetic index of a thorn cog-star graph having (𝑎 +

3(𝑏 − 1)) number of vertices is 

𝐺𝐴(𝑆𝑐∗

𝑎) = 𝑎𝑖(𝑏𝑗 − 1)
  4√3

     7
+ 𝑎𝑖

2√3(𝑎−1)

(𝑎+2)
  +  

8(𝑏𝑗−1)(𝑏𝑘−1)  

5
.  

Proof: Here, we independently examine the pair of vertices of 𝑆𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of vertices that belongs to 𝑆𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑆𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑆𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of a star graph  𝑆𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be the addition of  (𝑏 − 1) number of 

vertices of  𝑆𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑆𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑆𝑐∗

𝑎.   (As in Figure. 5). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4, 𝑑(𝑣𝑖) = 3, 𝑖 = 2,3,4, … . . , 𝑎 and 

𝑑(𝑤𝑘) = 1. Then we have, 

𝐺𝐴(𝑆𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
   

  2√𝑑(𝑣𝑖)𝑑(𝑢𝑗)

     (𝑑(𝑣𝑖)+𝑑(𝑢𝑗))
 + ∑𝑎𝑖

𝑖=2    
2√𝑑(𝑣1)𝑑(𝑣𝑖)

(𝑑(𝑣1)+𝑑(𝑣𝑖))
         

 

                    + ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
   

2√𝑑(𝑢𝑗)𝑑(𝑤𝑘)

(𝑑(𝑢𝑗)+𝑑(𝑤𝑘))
 

 

                  = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
   

  2√3(4)

     (3+4)
 + ∑𝑎𝑖

𝑖=2    
2√3(𝑎−1)

((𝑎−1)+3)
 +∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
   

2√1(4)

(4+1)
 

 

                  =  𝑎𝑖(𝑏𝑗 − 1) 
  4√3

     7
 + 𝑎𝑖

2√3(𝑎−1)

(𝑎+2)
 + (𝑏𝑗 − 1)(2𝑏𝑘 − 2)

4

5
 

 

                    = 𝑎𝑖(𝑏𝑗 − 1)
  4√(3)

     (7)
+ 𝑎𝑖

2√3(𝑎−1)

(𝑎+2)
  +  

8(𝑏𝑗−1)(𝑏𝑘−1)  

5
. 

3.1.7. Thorn of wheel graph 𝑊𝑎. 

The b-thorn wheel graph 𝑊𝑎,𝑏 has a wheel graph 𝑊𝑎 as the parent, and (𝑏 − 3) thorns 

that are 𝑢𝑖 pendent vertices 𝑖 = 1,2, … , 𝑏, at each vertex 𝑣𝑖 𝑓𝑜𝑟  𝑖 = 1,2, … , 𝑎 of 𝑊𝑎 where 

𝑎, 𝑏 > 3.  The b-thorn wheel graph 𝑊𝑎,𝑏 is regarded as the thorn graph (𝑊𝑎)𝑆  where 𝑆 =

(𝑢1, 𝑢2, … . , 𝑢𝑏). Then the number of vertices of 𝑊𝑎,𝑏 is 𝑝 = 𝑎 + ∑𝑏
𝑖=1 𝑢𝑖 and  the number 

of edges are  𝑞 =  2(𝑎 − 1) + ∑𝑏
𝑖=1 𝑢𝑖 . The b-thorn wheel graph 𝑊𝑎,𝑏 is shown in Figure 6. 
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. 

Figure 6. Thorn Wheel graph 𝑊𝑎,𝑏. 

 

Theorem 3.13: The reciprocal randic index of a thorn wheel graph having (𝑎 +

(𝑎 − 1)𝑏) number of vertices is 

𝑅−1(𝑊𝑎,𝑏) = 𝑎𝑖𝑏𝑗√(𝑏 + 3) + 𝑎𝑖(𝑏 + 3)+𝑎𝑖 √(𝑎 − 1)(𝑏 + 3). 

Proof: Here, we independently examine the pair of vertices of  𝑊𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝑊𝑎,𝑏 along with the pair of vertices that belongs to 𝑊𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph 𝑊𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝑊𝑎,𝑏 

where𝑗 = 1,2,3, … . , 𝑏. (As in Figure. 6). Let 𝑑(𝑣𝑖) = (𝑏 + 3) 𝑓𝑜𝑟 𝑖 = 2,3,4, … . 𝑎, 𝑑(𝑣1) =

(𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝑅−1(𝑊𝑎,𝑏) = ∑

𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1

√𝑑(𝑣𝑖)𝑑(𝑢𝑗) + ∑

𝑎𝑖

𝑖=2

√𝑑(𝑣𝑖)𝑑(𝑣𝑖) 

 

                                                 +∑𝑎𝑖
𝑖=2 √𝑑(𝑣1)𝑑(𝑣𝑖) 

 

               = ∑

𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1

√(𝑏 + 3)1 + ∑

𝑎𝑖

𝑖=2

√(𝑏 + 3)(𝑏 + 3) 

 

                                                  +∑𝑎𝑖
𝑖=2 √(𝑎 − 1)(𝑏 + 3) 

 

                                                 = 𝑎𝑖𝑏𝑗√(𝑏 + 3) + 𝑎𝑖√(𝑏 + 3)2+𝑎𝑖 √(𝑎 − 1)(𝑏 + 3) 

 

                                              = 𝑎𝑖𝑏𝑗√(𝑏 + 3) + 𝑎𝑖(𝑏 + 3)+𝑎𝑖  √(𝑎 − 1)(𝑏 + 3) 

 

Theorem 3.14: The reduced reciprocal randic index of a thorn wheel graph having (𝑎 +

(𝑎 − 1)𝑏) number of vertices is 

𝑅𝑅−1(𝑊𝑎,𝑏)  = 𝑎𝑖(𝑏 + 2) + 𝑎𝑖√(𝑎 − 2)(𝑏 + 2). 

Proof: Here, we independently examine the pair of vertices of  𝑊𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝑊𝑎,𝑏 along with the pair of vertices that belongs to 𝑊𝑎 and 
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otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph 𝑊𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝑊𝑎,𝑏 

where 𝑗 = 1,2,3, … . , 𝑏. (As in Figure. 6). Let 𝑑(𝑣𝑖) = (𝑏 + 3) 𝑓𝑜𝑟 𝑖 = 2,3,4, … . 𝑎, 𝑑(𝑣1) =

(𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝑅𝑅−1(𝑊𝑎,𝑏) = ∑

𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1

√(𝑑(𝑣𝑖) − 1)(𝑑(𝑢𝑗) − 1) + ∑

𝑎𝑖

𝑖=2

√(𝑑(𝑣𝑖) − 1)2 

 

                                             +∑𝑎𝑖
𝑖=2 √(𝑑(𝑣1) − 1)(𝑑(𝑣𝑖) − 1) 

 

               = ∑

𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1

√(𝑏 + 3 − 1)(1 − 1) + ∑

𝑎𝑖

𝑖=2

√(𝑏 + 3 − 1)2 

                                      

                                            +∑𝑎𝑖
𝑖=2 √(𝑎 − 2)(𝑏 + 3 − 1) 

 

                                             = 𝑎𝑖(𝑏 + 2) + 𝑎𝑖√(𝑎 − 2)(𝑏 + 2). 

 

Theorem 3.15: The Atom-bond connectivity index of a thorn wheel graph having (𝑎 +

(𝑎 − 1)𝑏) number of vertices is 

𝐴𝐵𝐶(𝑊𝑎,𝑏) = 𝑎𝑖𝑏𝑗√
𝑏+2

(𝑏+3)
+ 𝑎𝑖

√2(𝑏+2)

(𝑏+3)
+𝑎𝑖√

𝑎+𝑏

(𝑎−1)(𝑏+3)
 

Proof: Here, we independently examine the pair of vertices of  𝑊𝑎 between the pair of 

vertices 𝑢𝑖 for 𝑖 = 1,2,3, … , 𝑏 of 𝑊𝑎,𝑏 along with the pair of vertices that belongs to 𝑊𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph 𝑊𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝑊𝑎,𝑏 

where 𝑗 = 1,2,3, … . , 𝑏. (As in Figure. 6). Let 𝑑(𝑣𝑖) = (𝑏 + 3) 𝑓𝑜𝑟 𝑖 = 2,3,4, … . 𝑎, 𝑑(𝑣1) =

(𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

𝐴𝐵𝐶(𝑊𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1
√

𝑑(𝑣𝑖)+𝑑(𝑢𝑗)−2

𝑑(𝑣𝑖)𝑑(𝑢𝑗)
+ ∑𝑎𝑖

𝑖=2 √
𝑑(𝑣𝑖)+𝑑(𝑣𝑖)−2

𝑑(𝑣𝑖)𝑑(𝑣𝑖)
+∑𝑎𝑖

𝑖=2 √
𝑑(𝑣1)+𝑑(𝑣𝑖)−2

𝑑(𝑣1)𝑑(𝑣𝑖)
 

 

                    = ∑
𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1 √
(𝑏+3)+1−2

(1)(𝑏+3)
+ ∑𝑎𝑖

𝑖=2 √
(𝑏+3)+(𝑏+3)−2

(𝑏+3)2 +∑𝑎𝑖
𝑖=2 √

(𝑎−1)+(𝑏+3)−2

(𝑎−1)(𝑏+3)
 

 

                     = 𝑎𝑖𝑏𝑗√
𝑏+2

(𝑏+3)
+ 𝑎𝑖√

2(𝑏+2)

(𝑏+3)2+𝑎𝑖√
𝑎+𝑏

(𝑎−1)(𝑏+3)
 

 

                     = 𝑎𝑖𝑏𝑗√
𝑏+2

(𝑏+3)
+ 𝑎𝑖

√2(𝑏+2)

(𝑏+3)
+𝑎𝑖√

𝑎+𝑏

(𝑎−1)(𝑏+3)
 

 

Theorem 3.16: The geometric-arithmetic index of a thorn wheel graph having (𝑎 +

(𝑎 − 1)𝑏) number of vertices is 
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𝐺𝐴(𝑊𝑎,𝑏) =   𝑎𝑖𝑏𝑗  
  2√(𝑏+3)

     (𝑏+4)
+ 𝑎𝑖 + 𝑎𝑖  

2√(𝑎−1)(𝑏+3)

(𝑎+𝑏+2)
. 

Proof: Here, we independently examine the pair of vertices of  𝑊𝑎 between the pair of 

vertices 𝑢𝑖, for 𝑖 = 1,2,3, … , 𝑏 of 𝑊𝑎,𝑏 along with the pair of vertices that belongs to 𝑊𝑎 and 

otherwise degree 1 vertex. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph 𝑊𝑎 where 

𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏 be a degree one vertices of 𝑊𝑎,𝑏 

where 𝑗 = 1,2,3, … . , 𝑏. (As in Figure. 6). Let 𝑑(𝑣𝑖) = (𝑏 + 3) 𝑓𝑜𝑟 𝑖 = 2,3,4, … . 𝑎, 𝑑(𝑣1) =

(𝑎 − 1) and 𝑑(𝑢𝑗) = 1. Then we have, 

 

𝐺𝐴(𝑊𝑎,𝑏) = ∑
𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1
   

  2√𝑑(𝑣𝑖)𝑑(𝑢𝑗)

     (𝑑(𝑣𝑖)+𝑑(𝑢𝑗))
 + ∑𝑎𝑖

𝑖=2    
2√𝑑(𝑣𝑖)𝑑(𝑣𝑖)

(𝑑(𝑣𝑖)+𝑑(𝑣𝑖))
    +∑𝑎𝑖

𝑖=2    
2√𝑑(𝑣1)𝑑(𝑣𝑖)

(𝑑(𝑣1)+𝑑(𝑣𝑖))
 

 

                  = ∑
𝑎𝑖,𝑏𝑗

𝑖=2,𝑗=1
   

  2√1(𝑏+3)

     (𝑏+3+1)
 + ∑𝑎𝑖

𝑖=2    
2√(𝑏+3)(𝑏+3)

((𝑏+3)+(𝑏+3))
    +∑𝑎𝑖

𝑖=2    
2√(𝑎−1)(𝑏+3)

((𝑎−1)+(𝑏+3))
 

 

                  =  𝑎𝑖𝑏𝑗
  2√(𝑏+3)

     (𝑏+4)
 + 𝑎𝑖

2√(𝑏+3)2

2(𝑏+3)
 + 𝑎𝑖   

2√(𝑎−1)(𝑏+3)

(𝑎+𝑏+2)
 

 

                    = 𝑎𝑖𝑏𝑗  
  2√(𝑏+3)

     (𝑏+4)
+ 𝑎𝑖 +  𝑎𝑖    

2√(𝑎−1)(𝑏+3)

(𝑎+𝑏+2)
. 

3.1.8. A Cog-Wheel graph 𝑊𝑐
𝑎. 

                𝑊𝑐
𝑎 is the graph formed from a star graph 𝑊𝑎 (𝑎 ≥ 4) of the vertex set 

{𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎−1, 𝑣𝑎} with the addition of (𝑏 − 1) number of vertices such as 

{𝑢1, 𝑢2, 𝑢3, … . . , 𝑢𝑏−1} and  edges given by {𝑢𝑗𝑣𝑖+1, 𝑢𝑗𝑣𝑖+2: 𝑖 = 1,2,3, … , 𝑎 𝑎𝑛𝑑 𝑗 =

1,2,3, … . . , (𝑏 − 1)}(𝑣𝑎+1 = 𝑣2),  as shown in Figure 7. 

We know that 𝑝(𝑊𝑐
𝑎 ) = (𝑎 + 𝑏 − 1), 𝑞(𝑊𝑐

𝑎) = 2(𝑎 + 𝑏 − 2). 

 

 
Figure 7. A Cog-Wheel graph 𝑊𝑐

𝑎. 

3.1.9. The thorn cog-wheel graph 𝑊𝑐∗

𝑎. 

                𝑊𝑐∗

𝑎  is the graph formed from a  𝑊𝑎
𝑐 (𝑎 ≥ 4), of the vertex set 

{𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎−1, 𝑣𝑎, 𝑢1, 𝑢2, 𝑢3, … . . , 𝑢𝑏−1}  for 𝑖 = 1,2,3, … , 𝑎 𝑎𝑛𝑑 𝑗 = 1,2,3, … . . , (𝑏 −
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1) with the addition of 2(𝑏 − 1) number of vertices such as {𝑤1, 𝑤2, 𝑤3, … . . , 𝑤2𝑏−3, 𝑤2𝑏−2} 

and  edges given by {𝑢𝑗𝑤2𝑗−1, 𝑢𝑗𝑤2𝑗: 𝑗 = 1,2,3, … . . , (𝑏 − 1)},  as shown in Figure 8.  

 

 
Figure 8. The Thorn Cog-Wheel graph 𝑊𝑐∗

𝑎. 

 

Theorem 3.17: The reciprocal randic index of a thorn cog-wheel graph having (𝑎 +

3(𝑏 − 1)) number of vertices is 

𝑅−1(𝑊𝑐∗

𝑎) = 2𝑎𝑖(𝑏𝑗 − 1)√5 + 𝑎𝑖√5(𝑎 − 1) + 𝑎𝑖5 + 4(𝑏𝑗 − 1)(𝑏𝑘 − 1). 

Proof: Here we independently examine the pair of vertices of  𝑊𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of vertices that belongs to 𝑊𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑊𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph  𝑊𝑎, 

where 𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be addition of  (𝑏 − 1) number 

of vertices of  𝑊𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑊𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑊𝑐∗

𝑎.   (As in Figure. 8). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4(𝑓𝑜𝑟 𝑗 = 1,2, … , (𝑏 − 1)), 𝑑(𝑣𝑖) =

5(𝑓𝑜𝑟 𝑖 = 2,3,4, … . . , 𝑎) and 𝑑(𝑤𝑘) = 1(𝑓𝑜𝑟 𝑘 = 1,2,3, … … ,2(𝑏 − 1)). Then we have, 

 

𝑅−1(𝑊𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √(𝑑(𝑣𝑖))(𝑑(𝑢𝑗)) +

∑𝑎𝑖
𝑖=2 √(𝑑(𝑣1))(𝑑(𝑣𝑖))+∑𝑎𝑖

𝑖=2
√(𝑑(𝑣𝑖))

2
+

                            ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √(𝑑(𝑢𝑗))(𝑑(𝑤𝑘)) 

 

                        = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √5(4) + ∑𝑎𝑖
𝑖=2 √5(𝑎 − 1)+∑𝑎𝑖

𝑖=2 √(5)2 +

 ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √4(1) 

 

                      = 𝑎𝑖(𝑏𝑗 − 1)2√5 + 𝑎𝑖√(𝑎 − 1)5+𝑎𝑖5 + (𝑏𝑗 − 1)(2𝑏𝑘 − 2)2 

 

                      = 2𝑎𝑖(𝑏𝑗 − 1)√5 + 𝑎𝑖√5(𝑎 − 1) + 𝑎𝑖5 + 4(𝑏𝑗 − 1)(𝑏𝑘 − 1). 
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Theorem 3.18: The reduced reciprocal randic index of a thorn cog-wheel graph having 

(𝑎 + 3(𝑏 − 1)) number of vertices is 

𝑅𝑅−1(𝑊𝑐∗

𝑎) = 2𝑎𝑖(𝑏𝑗 − 1)√3 + 2𝑎𝑖√(𝑎 − 2) + 4𝑎𝑖 . 

Proof: Here we independently examine the pair of vertices of  𝑊𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of vertices that belongs to 𝑊𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑊𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph  𝑊𝑎 

where 𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be addition of  (𝑏 − 1) number 

of vertices of  𝑊𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑊𝑐∗

𝑎 be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑊𝑐∗

𝑎.   (As in Figure. 8). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4(𝑓𝑜𝑟 𝑗 = 1,2, … , (𝑏 − 1)), 𝑑(𝑣𝑖) =

5(𝑓𝑜𝑟 𝑖 = 2,3,4, … . . , 𝑎) and 𝑑(𝑤𝑘) = 1(𝑓𝑜𝑟 𝑘 = 1,2,3, … … ,2(𝑏 − 1)). Then we have, 

 

𝑅𝑅−1(𝑊𝑐∗

𝑎) = ∑

𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1

√(𝑑(𝑣𝑖) − 1)(𝑑(𝑢𝑗) − 1) +   ∑

𝑎𝑖

𝑖=2

√(𝑑(𝑣1) − 1)(𝑑(𝑣𝑖) − 1) 

 

                                            +  ∑
𝑎𝑖
𝑖=2 √(𝑑(𝑣𝑖) − 1)2 +

 ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
√(𝑑(𝑢𝑗) − 1)(𝑑(𝑤𝑘) − 1) 

    

= ∑

𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1

√(5 − 1)(4 − 1) + ∑

𝑎𝑖

𝑖=2

√(𝑎 − 2)4 

 

                                           +∑𝑎𝑖
𝑖=2 √(4)2 + ∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √3(0) 

 

                                     = 2𝑎𝑖(𝑏𝑗 − 1)√3 + 2𝑎𝑖√(𝑎 − 2) + 4𝑎𝑖 . 

Theorem 3.19: The Atom-bond connectivity index of a thorn cog-wheel graph having 

(𝑎 + 3(𝑏 − 1))  number of vertices is 

𝐴𝐵𝐶(𝑊𝑐∗

𝑎) = 𝑎𝑖(𝑏𝑗 − 1)
√7

2√5
+ 𝑎𝑖√

𝑎+2

5(𝑎−1)
+ 𝑎𝑖

2√2

5
+(𝑏𝑗 − 1)(𝑏𝑘 − 1)√3. 

Proof: Here we independently examine the pair of vertices of  𝑊𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of vertices that belongs to 𝑊𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑊𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph  𝑊𝑎 

where 𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be addition of  (𝑏 − 1) number 

of vertices of  𝑊𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2)  𝑜𝑓  𝑊𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑊𝑐∗

𝑎.   (As in Figure. 8). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4(𝑓𝑜𝑟 𝑗 = 1,2, … , (𝑏 − 1)), 𝑑(𝑣𝑖) =

5(𝑓𝑜𝑟 𝑖 = 2,3,4, … . . , 𝑎) and 𝑑(𝑤𝑘) = 1(𝑓𝑜𝑟 𝑘 = 1,2,3, … … ,2(𝑏 − 1)). Then we have, 
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𝐴𝐵𝐶(𝑊𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
√

𝑑(𝑣𝑖)+𝑑(𝑢𝑗)−2

𝑑(𝑣𝑖)𝑑(𝑢𝑗)
+

∑𝑎𝑖
𝑖=2 √

𝑑(𝑣1)+𝑑(𝑣𝑖)−2

𝑑(𝑣1)𝑑(𝑣𝑖)
 +∑𝑎𝑖

𝑖=2 √
𝑑(𝑣𝑖)+𝑑(𝑣𝑖)−2

𝑑(𝑣𝑖)𝑑(𝑣𝑖)
+

                             ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
√

𝑑(𝑢𝑗)+𝑑(𝑤𝑘)−2

𝑑(𝑢𝑗)𝑑(𝑤𝑘)
 

 

                     = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1 √
5+4−2

5(4)
+ ∑𝑎𝑖

𝑖=2 √
(𝑎−1)+(5)−2

5(𝑎−1)
+

∑𝑎𝑖
𝑖=2 √

(5)+(5)−2

5(5)
+∑

𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1 √
4+1−2

4(1)
 

 

                     = 𝑎𝑖(𝑏𝑗 − 1)√
7

4(5)
+ 𝑎𝑖√

𝑎+2

5(𝑎−1)
+ 𝑎𝑖

2√2

5
+(𝑏𝑗 − 1)(2𝑏𝑘 − 2)

√3

2
 

 

                     = 𝑎𝑖(𝑏𝑗 − 1)
√7

2√5
+ 𝑎𝑖√

𝑎+2

5(𝑎−1)
+ 𝑎𝑖

2√2

5
+(𝑏𝑗 − 1)(𝑏𝑘 − 1)√3. 

 

Theorem 3.20: The geometric-arithmetic index of a thorn cog-wheel graph having 

(𝑎 + 3(𝑏 − 1))  number of vertices is 

𝐺𝐴(𝑊𝑐∗

𝑎) = 𝑎𝑖(𝑏𝑗 − 1)
  4√5

     9
+ 𝑎𝑖

2√5(𝑎 − 1)

(𝑎 + 4)
 + 𝑎𝑖 +  

8(𝑏𝑗 − 1)(𝑏𝑘 − 1)  

5
. 

Proof: Here, we independently examine the pair of vertices of  𝑊𝑎  between the pair of 

vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of vertices that belongs to 𝑊𝑎 

and between the pair of vertices 𝑢𝑗 for 𝑗 = 1,2,3, … , (𝑏 − 1) of 𝑊𝑐
𝑎 along with the pair of 

vertices degree 1 vertices of  𝑊𝑐∗

𝑎. Let 𝑣1, 𝑣2, 𝑣3, … . , 𝑣𝑎 be the vertices of wheel graph  𝑊𝑎 

where 𝑖 𝑟𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 1,2,3,4, … , 𝑎 and let 𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑏−1 be addition of  (𝑏 − 1) number 

of vertices of  𝑊𝑐
𝑎 where 𝑗 = 1,2,3, … . , (𝑏 − 1). Also, let 𝑤1, 𝑤2, … … , 𝑤2𝑏−2, 𝑘 =

1,2,3, … . , (2𝑏 − 2) 𝑜𝑓  𝑊𝑐∗

𝑎  be an additional (2𝑏 − 2) number of degree 1 vertices of  

𝑊𝑐∗

𝑎.   (As in Figure. 8). Let 𝑑(𝑣1) = (𝑎 − 1), 𝑑(𝑢𝑗) = 4(𝑓𝑜𝑟 𝑗 = 1,2, … , (𝑏 − 1)), 𝑑(𝑣𝑖) =

5(𝑓𝑜𝑟 𝑖 = 2,3,4, … . . , 𝑎) and 𝑑(𝑤𝑘) = 1(𝑓𝑜𝑟 𝑘 = 1,2,3, … … ,2(𝑏 − 1)). Then we have, 

 

𝐺𝐴(𝑊𝑐∗

𝑎) = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
   

  2√𝑑(𝑣𝑖)𝑑(𝑢𝑗)

     𝑑(𝑣𝑖)+𝑑(𝑢𝑗)
 + ∑𝑎𝑖

𝑖=2    
2√𝑑(𝑣1)𝑑(𝑣𝑖)

𝑑(𝑣1)+𝑑(𝑣𝑖)
+ ∑𝑎𝑖

𝑖=2    
2√(𝑑(𝑣𝑖))2

𝑑(𝑣𝑖)+𝑑(𝑣𝑖)
                                                    

                          + ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
   

2√𝑑(𝑢𝑗)𝑑(𝑤𝑘)

𝑑(𝑢𝑗)+𝑑(𝑤𝑘)
 

 

                    = ∑
𝑎𝑖,(𝑏𝑗−1)

𝑖=2,𝑗=1
   

  2√5(4)

     (5+4)
 + ∑𝑎𝑖

𝑖=2    
2√5(𝑎−1)

(𝑎−1+5)
+ ∑𝑎𝑖

𝑖=2    
2√(5)2

10
         

                         + ∑
𝑏𝑗−1,2𝑏𝑘−2

𝑗,𝑘=1
   

2√4(1)

5
  

                   = 𝑎𝑖(𝑏𝑗 − 1)
  4√5

     9
 + 𝑎𝑖

2√5(𝑎−1)

(𝑎+4)
+ 𝑎𝑖 +(𝑏𝑗 − 1)(2𝑏𝑘 − 2)

4

5
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                    = 𝑎𝑖(𝑏𝑗 − 1)
  4√5

     9
+ 𝑎𝑖

2√5(𝑎−1)

(𝑎+4)
 + 𝑎𝑖 +  

8(𝑏𝑗−1)(𝑏𝑘−1)  

5
. 

4. Conclusions 

 In this paper, we have computed reciprocal randic(𝑅−1) index, reduced reciprocal 

randic(𝑅𝑅−1) index, atom-bond connectivity(𝐴𝐵𝐶 ) index, geometric-arithmetic(𝐺𝐴) index 

of complete thorn graph and wheel graph along with its special cases. These descriptors 

constitute the biological and physicochemical properties of chemical compounds. Topological 

indices have many applications in the field of modern chemistry. 
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